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Abstract
The Swampland program aims to distinguish effective theories which can be completed
into quantum gravity in the ultraviolet from those which cannot. This article forms an
introduction to the field, assuming only a knowledge of quantum field theory and general
relativity. It also forms a comprehensive review, covering the range of ideas that are part of
the field, from the Weak Gravity Conjecture, through compactifications of String Theory, to
the de Sitter conjecture.
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1 Introduction
Self-consistency can be an important tool for understanding the structure of physical theories.
Particularly so since it typically becomes more powerful at increasing energy scales, where
empirical constraints become less accessible. Within the framework of Quantum Field Theory
the prototypical examples are anomalies, which restrict the particle spectra in the theory. But
at higher energy scales, such as those relevant to quantum gravity physics, it appears that
self-consistency may be strong enough to almost uniquely fix the theory. String theory, in
particular, manifests such characteristics. Indeed, already at the string scale perturbative string
theories are almost uniquely fixed including, remarkably, the dimension of space-time and any
possible constant parameters.
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Figure 1: A schematic illustration of the space of (apparently) self-consistent effective quantum
field theories. The sub-set which could arise from string theory is the string Landscape, while
all the other theories are in the string Swampland.
Self-consistency becomes much less powerful at low energies, even for theories which include
gravity. In string theory this manifests as the existence, within our current understanding, of a
huge number of resulting low-energy effective theories. Each such theory is constructed about a
different vacuum of string theory, and the rich vacuum structure of the theory, the so-called
String Theory Landscape, then translate into a large spectrum of effective theories. However, it
is important to not confuse this richness of structure with a complete absence of constraints. The
resulting set of theories still picks out only a subset of all the possible apparently self-consistent
effective theories. The use of apparently here means that there is nothing manifestly wrong
with the effective theory, but an inconsistency would manifest should one try to complete it in
the ultraviolet. The idea of the String Theory Swampland was introduced in [1] as a way to
quantify and refer to these residual low-energy constraints.1 More precisely:
The Swampland can be defined as the set of (apparently) consistent effective field theories
that cannot be completed into quantum gravity in the ultraviolet.
So string theory might lead to a large Landscape of effective low-energy theories, but there is
an even larger Swampland of effective theories that cannot come from string theory. This is
illustrated in figure 1. Note that we phrased the definition of the Swampland using a general
notion of quantum gravity, rather than specifically string theory. For simplicity of notation, we
will rarely distinguish between such a general quantum theory of gravity and string theory, but
it is natural to define the Swampland in this more general sense.
Of course, the abstract concept of the Swampland has no useful meaning unless we understand
how to distinguish between effective field theories that are in the Landscape from those in the
1See also [2] for similar ideas at the same time.
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Swampland. The criteria for not being in the Swampland should further be formulated purely in
terms of properties of the low-energy effective theory itself, so without reference to a particular
ultraviolet origin. Determining such criteria is a difficult task, and not all proposed Swampland
criteria are on the same footing. They vary in the amount of evidence supporting them and in the
severity of their implications. The criteria, perhaps with one or two exceptions, are not proven
from a microscopic physics perspective and so are usually stated as conjectures. Nonetheless, as
we will review, some of these conjectures are backed by significant, and sometimes remarkable,
evidence.
One approach towards providing evidence for a Swampland conjecture is by utilising known
vacua of string theory as a type of experimental data. So if all the known vacua satisfy a
conjecture then string theory data supports it. This is the approach that is typically adopted, but
it suffers from an inherit difficulty which is that known vacua of string theory themselves have
varying levels of rigour. The best understood are vacua where we have a full string world-sheet
description, these are usually supersymmetric and have relatively simple geometries for the extra
dimensions, typically some orbifold. We will refer to these as string-derived. On the other end of
the spectrum are proposed vacua of string theory which involve a large number of assumptions.
Eventually, such vacua are better thought of as constructions in quantum field theory that
are motivated by the type of structures one finds in string theory, we will refer to these as
string-inspired. A given Swampland conjecture would typically be of the form that at some point
on this spectrum of vacua, all vacua of increasing rigour satisfy the conjecture. The question of
whether a Swampland conjecture is proven or disproven in string theory is therefore somewhat
subjective. If we insist on only counting string-derived vacua then many conjectures are proven
to hold for all known vacua. While a counter-argument would be that this is due to technical
limitations and there are many other vacua of string theory which violate the conjecture but we
simply are not able to rigorously construct them. This debate is captured by stating that string
theory provides evidence, of varying levels of strengths, for a given conjecture. This situation is
illustrated in figure 2.
Another approach that is commonly adopted to study Swampland criteria is utilising quantum
gravity arguments directly in the low-energy effective theory. There are low-energy aspects of
quantum gravity that are expected to be universal, in particular relating to black holes and to
the holographic nature of gravity. Relative to utilising string theory constructions, this approach
has the advantage of broader generality. On the other hand, the arguments often lack the
explicit details and concreteness of string theory based evidence.
The ideal approach for establishing Swampland criteria is a direct derivation from microscopic
physics. Of course, no physics theory is assumption free, but it may be that one could uncover
some ultraviolet principle of string theory that we had missed, or had not sufficiently appreciated,
that will then lead directly to the Swampland criteria. This is as opposed to the more indirect
arguments based on data from string theory vacua. In many ways, uncovering such new
underlying microscopic physics can be considered the big-picture aim of the Swampland program.
The different string vacua, and general quantum gravity arguments, can then be thought of
as supplying the experimental data towards the construction of a new theory. Indeed, there
are some signs that we are on the right track towards such a result. As we will review, various
Swampland criteria, while initially seemingly unrelated, have been increasingly found to be
part of an interconnected structure. Further, much of this structure can be shown to be deeply
related to emergent dynamics in the infrared, and we will dedicate section 5 in this review to
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Figure 2: A schematic illustration of the spectrum of vacuum constructions in string theory.
The most rigorously understood, string-derived, vacua are on the left while the more loosely
connected, string-inspired, vacua are on the right. A Swampland conjecture can be placed on
the spectrum such that all known vacua of increasing rigour satisfy it. A conjecture placed to
the left of the spectrum is said to have weaker evidence for it than one placed to the right.
developing this idea.
The Swampland program builds on all three of the approaches, string theory construc-
tions, quantum gravity arguments, and microscopic physics, in order to establish evidence for
constraints. It is encouraging that, as we will review in detail, the three perspectives appear
remarkably in sync, and lead to results consistent with each other. It is this consistency, and the
multiple sources of evidence, which suggest that at least at the general level, the Swampland
program is on the right track.
A Swampland criterium typically has some universal structure. One considers a class of
effective QFTs that are self-consistent up to a cutoff scale ΛQFT. These theories are then coupled
to gravity, the coupling being associated to a finite gravitational strength, so a finite value of
the Planck mass Mp. The resulting theory will then (be conjectured to) have a new energy scale
ΛSwamp above which it becomes inconsistent if left unmodified. The required modification may
be mild, say the introduction of a new particle into the theory, or it may be very substantial.
We can think of the scale ΛSwamp as the point where the theory must start to ‘plan ahead’ if it
is to reach a consistent quantum gravity theory in the ultraviolet. So it is not necessarily that
something would go wrong with the theory at ΛSwamp, but rather if nothing changes then the
theory would not be completable in the ultraviolet. This is illustrated in figure 3.
Depending on the parameter values of the effective QFT, the scale ΛSwamp may be above
the scale ΛQFT, in which case there is no effect on the effective theory, or it may be below it, in
which case the effective theory with the original cutoff becomes inconsistent due to coupling
to gravity. The scale ΛSwamp will typically behave such that ΛSwamp → ∞ as Mp → ∞, as
expected since it was tied to the coupling of gravity. However, depending on the parameters of
6
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Figure 3: Figure showing a schematic interpretation of the scale ΛSwamp at which an effective
theory must be modified if it is to be able to complete into quantum gravity in the ultraviolet.
the QFT, one may have ΛSwamp  ΛQFT Mp, strongly affecting the low-energy theory. Of
course, it is such setups which are of most interest. The most extreme situation is one where
ΛSwamp is lower than any non-trivial energy scale in the effective theory, and so essentially the
whole theory is in the Swampland. The various possibilities are illustrated in figure 4.
So far we have not explicitly distinguished between string theory and quantum gravity.
However, some of the motivations for Swampland criteria can be understood without any
reference to string theory. We will try to highlight such qualities when they arise. Practically,
almost all of the Swampland program is guided one way or another by string theory. This need
not mean that it is tied to string theory necessarily, for example the modern form of holography
in anti-de Sitter space was discovered through string theory but can be formulated in a more
general quantum gravitational sense. In other words, string theory certainly seems to be a
quantum theory of gravity, and can be utilised to study such physics irrespective of whether it
is the quantum theory of gravity relevant for our universe.
This introduction and review article has multiple aims. Foremost, it aims at forming a
practical and coherent starting point for those interested in studying the Swampland. The hope
is that much of it will be accessible even to readers with little experience in string theory. And
that the review can form a base from which cutting edge research is made accessible. While
string theory is a mature field, the Swampland aspect of it can be considered to be at a relatively
early stage, with much of the work being about establishing what are the candidates for the
main underlying ideas and physics, and how can these be tested. It is therefore not a field that
can be reviewed as a list of derivable, provable results starting from underlying axioms. Indeed,
one of the main research directions is about establishing what the microscopic physics underlying
the Swampland results actually could be. Instead, it is currently very much a collection of
arguments, from a variety of sources, for certain proposals about the Swampland. In presenting
an introduction and review of the field, emphasis will therefore be placed on explaining as many
as possible of the existing arguments for proposed criteria of the Swampland, so that the reader
may judge for themselves the strength of the evidence. Similarly, the focus in introducing string
7
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Figure 4: Figure showing various cutoff scales on effective theories. The first case is a pure
QFT with a cutoff ΛQFT. The second is a QFT coupled to Gravity, with parameter values such
that the new Swampland cutoff ΛSwamp lies above the QFT cutoff. Varying the parameters one
may reach the third case where the Swampland cutoff is far below the QFT one ΛSwamp  ΛQFT,
leading to a strong constraint on the effective theory due to the presence of gravity. Finally,
the fourth case illustrates that it may be that for certain parameter ranges the theory may be
inconsistent already at the lowest non-trivial energy scale in the theory.
theory tests of the criteria will be on a detailed and pedagogical introduction to simple examples,
that will establish the key ideas and rules, and which will form the solid starting point from
which to explore more complicated scenarios. Nonetheless, the review will be as comprehensive
as possible in touching on as many of the ideas in the field as possible, at least in some way.
Note that in [3] another review of the Swampland was presented. This is recommended as
offering a different perspective and approach to reviewing the field, and while this review will be
more comprehensive, there are many interesting ideas and perspectives in [3] which will not be
discussed here.
It is difficult to fully understand the ideas of the field without knowing some string theory.
Therefore, in section 2 we start with a quick focused introduction to string theory, before
presenting a first encounter with simple examples of Swampland criteria. In section 3 we
present a general overview of the Swampland, including more general, typically black hole based,
arguments for some of the conjectures. In section 4 we discuss tests of the conjectures in string
theory. In section 5 we present a proposal, based on emergence, for the microscopic physics
underlying some of the primary Swampland criteria. In section 6 we discuss more proposals
for different Swampland criteria. In section 7 we discuss the de Sitter and refined de Sitter
conjectures. We present a summary and outlook in section 8.
In this review we will work with the following conventions. We set ~ = c = 1 and work in
mostly-plus signature for the metric, so the flat-space metric is
ηµν = diag (−,+,+, ...,+) . (1.1)
We define the reduced Planck mass in d-dimensions Mdp as the coefficient in front of the
8
d-dimensional Ricci scalar Rd in the action
Sd =
∫
ddX
√−G
[(
Mdp
)d−2
2
Rd + ...
]
. (1.2)
Our units are chosen such that, in a d-dimensional theory, the d-dimensional reduced Planck
mass Mdp is set to one M
d
p = 1. We will sometimes reinstate it for clarity purposes, in which
case the four-dimensional value is
Mp =
√
1
8piGN
' 2.4× 1018 GeV , (1.3)
where GN is Newton’s constant.
2 First encounters with the Swampland
This section provides a first encounter with some of the Swampland criteria. The first part,
section 2.1, is aimed at those who have little experience with string theory and so will be a quick
and focused introduction to some of the key concepts of string theory. Readers familiar with
string theory can safely skip this and only use it as a reference to the notation and conventions
of the paper. The introduction to string theory is essential to convey how Swampland criteria
have deeply string theoretic, or more generally quantum gravitational, physics built into them.
Following this introduction, in section 2.2, we will consider dimensional reduction of the bosonic
string on a circle. This will provide a first encounter with the Swampland distance conjecture [4].
In section 2.3 we then go on to show how it also manifests the physics of the Weak Gravity
Conjecture [5]. Finally, in section 2.4 we will introduce the idea of the Species scale.
2.1 A focused introduction to String Theory
This subsection gives a very quick introduction to string theory with a focus on the basics
necessary to understand the first encounter with the Swampland. It is based on very familiar
material covered by any standard textbook on string theory. See for example [6].
2.1.1 The Nambu-Goto action for a particle
To begin let us consider a point particle. We let it propagate in D-dimensional spacetime, so on
R1,D−1. To describe the motion of the particle we can split the coordinates into X0 = t and Xi,
where i = 1, ..., D−1. Then its motion is associated to a world-line γ which specifies the Xi (X0)
as a function of X0. We can also describe the particle world-line in relativistic coordinates by
using a world-line parameter τ so that γ specifies Xµ (τ), where µ = 0, 1, ..., D − 1,
γ : τ ↪→ Xµ (τ) ∈ R1,D−1 . (2.1)
These ways of describing the particle motion are illustrated in figure 5.
In Minkowski space the line element is taken as
ds2 = ηµνdX
µdXν . (2.2)
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Figure 5: Figure illustrating the world-line of a particle.
We can then write an action for the particle, called the Nambu-Goto action, which is just the
length of its (time-like) worldline
SNG = −m
∫
γ
√
−ds2 = −m
∫
γ
(
−X˙2
) 1
2
dτ , (2.3)
where X˙2 = ηµνX˙
µX˙ν and X˙µ = ∂X
µ
∂τ . The constant parameter m will be related to the mass
of the particle.
To see that this action correctly describes the motion of the particle we can associate to it a
Lagrangian
SNG = −m
∫
γ
dτL (τ) . (2.4)
The canonical momentum is then
pµ =
∂L
∂X˙µ
=
mX˙µ(
−X˙2
) 1
2
. (2.5)
We therefore arrive at the constraint
p2 +m2 = 0 , (2.6)
which shows that m is indeed the mass of the particle. The equation of motion for Xµ in turn
gives
mX¨µ = 0 , (2.7)
so the particle is freely propagating.
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2.1.2 The Polyakov action for a particle
We can also consider a different action for the particle, called the Polyakov action. It is defined
as
SP =
1
2
∫
γ
dτe (τ)
[
1
e (τ)2
X˙2 −m2
]
. (2.8)
The degree of freedom e (τ) is called the world-line metric. Its equation of motion gives
X˙2 +m2e (τ)2 = 0 . (2.9)
Since this is an algebraic constraint we can use it to eliminate the world-line metric in the
Polyakov action which gives
SP =
1
2
∫
γ
dτe (τ)
[−2m2] = −m∫
γ
(
−X˙2
) 1
2
dτ = SNG . (2.10)
Therefore, the Polyakov and Nambu-Goto actions are classically equivalent. However, the utility
of the Polyakov action is that it is much easier to quantize.
2.1.3 The String Worldsheet
We now go through the same process we did for the particle but for a string. A string sweeps
out a two-dimensional worldsheet Σ parameterised by two coordinates (σ, τ). So we have
Σ : (σ, τ) ↪→ Xµ (σ, τ) ∈ R1,D−1 . (2.11)
We take the coordinates to have the ranges
0 ≤ σ ≤ 2pi , τ ∈ R , (2.12)
We will mostly be concerned with closed, rather than open, strings. We therefore identify
σ ' σ + 2pi . (2.13)
The coordinates therefore parameterise the string worldsheet as shown in figure 6. We will often
denote
{σ, τ} ≡ ξa , a = 0, 1 . (2.14)
We want to describe the dynamics of the string through an action. The associated Polyakov
action is
SP = −T
2
∫
Σ
d2ξ (−det h) 12 hab (ξ) ∂aXµ (ξ) ∂bXν (ξ) ηµν . (2.15)
Here hab (ξ) is the worldsheet metric. T is the string tension, which is often denoted in terms of
a parameter α′ as
T ≡ 1
2piα′
. (2.16)
Note that other similar scales are the string length ls and the string scale Ms, defined as
ls ≡
√
α′ , Ms ≡ 1
2pi
√
α′
. (2.17)
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Figure 6: Figure illustrating the worldsheet of a string.
Object Degrees of freedom
hab
1
2D (D + 1)
Diffeomorphisms D
Weyl 1
Table 2.1: Table showing the degrees of freedom in the metric and symmetries in D-dimensions.
The mass dimensions of the coordinates are [Xµ] = −1 and [ξa] = 0.
We should think of the worldsheet action (2.15) as specifying a two-dimensional theory with
scalar fields Xµ (ξ). Such theories are called sigma models. The space-time in which the string
propagates, parameterised by the Xµ, is known as the Target space of the worldsheet theory.
The metric on that spacetime, here ηµν , is the metric on the field space of the scalar fields X
µ.
So strings propagating in different target spaces have different metrics on the scalar field spaces.
2.1.4 The worldsheet symmetries
The worldsheet theory (2.15) is invariant under local diffeomorphisms
ξa → ξ˜a (ξ) . (2.18)
It is also invariant under Weyl transformations, which are defined as
δXµ = 0 , hab → h˜ab = e2Λ(ξ)hab . (2.19)
To see this directly note that under (2.19) we have
√−det h→ e2Λ(ξ)√−det h.
The worldsheet symmetries can be used to completely fix the worldsheet metric hab. It is
worth looking at this generally. For a D-dimensional theory, we can count the number of degrees
of freedom in the metric, a symmetric tensor, and in the diffeomorphism and Weyl symmetries,
these are shown in table 2.1. We see that for D = 2, so a string, the number of symmetry
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parameters is the same as the degrees of freedom of the metric. Using the symmetries we can
therefore set
hab = ηab =
( −1 0
0 1
)
. (2.20)
This is called flat gauge.
It is important to note that even though we can gauge away the metric we must still impose
its equations of motion. The equations of motion for the metric correspond to the vanishing of
the energy momentum tensor of the theory
Tab = 0 , (2.21)
where
Tab ≡ 4pi√−det h
δSP
δhab
. (2.22)
The resulting constraint (2.21) is called a Virasoro constraint, and it will play an important role
when we quantize the string.
From table 2.1 we see that strings are special extended objects. For D > 2 we cannot use
the symmetries of the Polyakov action to remove the metric degrees of freedom. This makes the
extended objects with D > 2 much more difficult to quantize. From a modern perspective, we
do not think of strings as any more ‘fundamental’ than other extended objects, but what makes
them special is that they can be readily quantized.
In flat gauge the Polyakov action reduces to the action of a set of free scalar fields
SP =
T
2
∫
Σ
dσdτ
[
(∂τX)
2 − (∂σX)2
]
. (2.23)
It is convenient to go to so-called light-cone coordinates
ξ± ≡ τ ± σ , ∂± ≡ 1
2
(∂τ ± ∂σ) . (2.24)
In light-cone coordinates the Polyakov action reads
SP = T
∫
Σ
dξ+dξ−∂+X∂−X . (2.25)
The equations of motion for the Xµ are readily obtained
∂+∂−Xµ = 0 . (2.26)
We can therefore write Xµ as a sum of left-moving and right-moving waves along the string
Xµ = XµL
(
ξ+
)
+XµR
(
ξ−
)
. (2.27)
And we must impose periodic boundary conditions Xµ (τ, σ = 0) = Xµ (τ, σ = 2pi). The most
general solution is
XµR
(
ξ−
)
=
1
2
(xµ + cµ) +
1
2
α′pµRξ
− + i
√
α′
2
∑
n∈Z , n 6=0
1
n
αµne
−inξ− ,
XµL
(
ξ+
)
=
1
2
(xµ − cµ) + 1
2
α′pµLξ
+ + i
√
α′
2
∑
n∈Z , n 6=0
1
n
α˜µne
−inξ+ . (2.28)
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Here xµ, cµ, pµL, p
µ
R, α
µ
n and α˜
µ
n are constants. Periodicity in σ implies
pµL = p
µ
R ≡ pµ . (2.29)
If we average Xµ over the string we have
qµ ≡ 1
2pi
∫ 2pi
0
dσXµ = xµ + α′pµτ . (2.30)
So xµ is the centre of mass position, and pµ is the target space momentum.
It will be important for later to note that even after the gauge fixing the worldsheet metric,
there are still residual symmetries
ξ± → ξ˜± (ξ±) . (2.31)
These are associated to so-called conformal Killing vectors.2
2.1.5 The string spectrum
So far we have considered the string in a classical sense, but in order to study the spectrum of
excitations we need to quantize it. We will do this using so-called light-cone quantization. The
starting point is to introduce target-space light-cone coordinates
X± ≡ 1√
2
(
X0 ±XD−1) , Xi , i = 1, ..., D − 2 . (2.32)
The target-space metric then becomes
η+− = η−+ = −1 , ηij = δij . (2.33)
And this gives an inner product
X2 = −2X+X− + X˙iX˙i . (2.34)
Consider now the expansion for X+, this reads
X+ (τ, σ) = x+ + α′p+τ + i
√
α′
2
∑
n∈Z , n 6=0
1
n
α+n e
−inξ− + i
√
α′
2
∑
n∈Z , n 6=0
1
n
α˜+n e
−inξ+ .(2.35)
Recall that we have a residual infinite dimensional symmetry (2.31) after going to light-cone
gauge. We can use this to set all the oscillator modes of the X+ to zero. In that gauge we then
have
X+ (τ, σ) = x+ + α′p+τ . (2.36)
Now recall that we must impose the Virasoro constraints (2.21) on the theory. It can be shown
that these imply
∂±X− =
1
α′p+
(
∂±Xi
)2
. (2.37)
2Note that these are an infinitesimal subset of diffeomorphisms because the transformations restrict to only
one coordinate. This is consistent with the earlier counting argument in table 2.1.
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Therefore, we see that also the X− oscillators are given in terms of the transverse oscillators in
Xi. So only the transverse oscillators are independent degrees of freedom.
The usefulness of the target-space light-cone gauge is therefore that only the Xi contain
physically independent oscillators. This is useful because it automatically projects out two
polarizations of the string which are unphysical. This is completely analogous to how a Maxwell
field in four dimensions only has two physical polarizations.
The action in light-cone gauge reads
SLC =
1
4piα′
∫
Σ
dτdσ
[(
∂τX
i
)2 − (∂σXi)2 + 2 (−∂τX+∂τX− + ∂σX+∂σX−)]
=
1
4piα′
∫
Σ
dτdσ
[(
∂τX
i
)2 − (∂σXi)2]− ∫ dτp+∂τq−
≡
∫
dτL , (2.38)
where we define
q− ≡ 1
2pi
∫ 2pi
0
dσX− . (2.39)
From this Lagrangian we can define canonical momenta
p− ≡ ∂L
∂q˙−
= −p+ , Πi ≡ ∂L
∂X˙i
=
X˙i
2piα′
. (2.40)
We then quantize the theory by introducing the canonical commutation relations[
Xµ (τ, σ) ,Πµ
(
τ, σ′
)]
= iηµνδ
(
σ − σ′) , (2.41)
which give [
xi, pi
]
= iδij ,[
p+, q−
]
= i ,[
αim, α
j
n
]
= mδn+m,0δij ,[
α˜im, α˜
j
n
]
= mδn+m,0δij . (2.42)
We therefore follow the usual procedure for quantization, as in quantum field theory, by promoting
the oscillator modes to operators acting on a Hilbert space. The αi−n with n > 0 are creation
operators acting on a vacuum state |0, p〉. While the αin with n > 0 are annihilation operators.
Recall that there are no oscillators to quantize for X+, while the X− oscillators are given in
terms of the Xi. Explicitly this reads
α−n =
1
2
√
2α′p+
m=∞∑
m=−∞
αin−mα
i
m . (2.43)
When we quantize the theory the ordering of the α’s matters, and so we should write things in
terms of normal ordered products and a normal ordering constant a which we need to determine
α−n =
1
2
√
2α′p+
(
m=∞∑
m=−∞
: αin−mα
i
m : −aδn,0
)
, (2.44)
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where
: αimα
i
n :≡
{
αimα
i
n for m ≤ n
αinα
i
m for n < m
. (2.45)
This is the canonical quantization procedure.
2.1.6 Criticality and Lorentz Invariance
The quantization of the theory was performed in special target-space light-cone coordinates. It
is therefore not clear that the quantum theory respects Lorentz invariance. Indeed, we will see
that requiring the preservation of target-space Lorentz invariance also in the quantum theory
will place rather stringent constraints on the theory.
In general, the generators of Lorentz transformations are
Jµν =
∫ 2pi
0
dσ (XµΠν −XνΠµ) ≡ lµν + Eµν + E˜µν , (2.46)
where
lµν = xµpν − xνpµ ,
Eµν = −i
∞∑
n=1
1
n
(
αµ−nα
ν
n − αν−nαµn
)
,
E˜µν = −i
∞∑
n=1
1
n
(
α˜µ−nα˜
ν
n − α˜ν−nα˜µn
)
. (2.47)
Now the Lorentz algebra reads
[Jµν , Jρσ] = iηµρJνσ + iηνσJµρ − iηµσJνρ − iηνρJµσ . (2.48)
In particular, [
J−i, J−j
]
= iη−−J ij + iηijJ−− − iη−jJ i− − iηi−J−j = 0 . (2.49)
However, an explicit calculation yields[
J−i, J−j
]
= − 1
(p+)2
∞∑
m=1
∆m
(
αi−mα
j
m − αj−mαim
)
+ ˜(...) , (2.50)
where
∆m ≡ m26−D
12
+
1
m
[
D − 26
12
+ 2 (1− a)
]
. (2.51)
Therefore, we find that maintaining Lorentz invariance at the quantum level requires
D = 26 , a = 1 . (2.52)
This is a rather remarkable result. It shows that while the classical string is consistent in any
number of dimensions, the quantum bosonic string is only consistent in 26 dimensions.3 The
3This is not quite the full picture, it is possible to consider non-critical strings, so with a different target-space
dimensionality. For D < 26 this is achieved by breaking Lorentz invariance through a linear dilaton background.
For D > 26 this leads to a potential for the dilaton. Such theories however are as yet not well-understood and so
we will not discuss them here.
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restriction on the number of dimensions is called criticality. In fact, there are many different ways
to arrive at this criticality result. Note that for the Superstring, so a string theory incorporating
supersymmetry, the critical number of dimensions changes to 10.
2.1.7 The quantum string spectrum
Having quantized the string we can now examine its spectrum. The classical Hamiltonian is
given by
H = p−q˙− +
∫ 2pi
0
dσΠiX˙
i − L
=
1
4piα′
∫ 2pi
0
dσ
[(
∂τX
i
)2
+
(
∂σX
i
)2]
=
α′
2
pipi +
1
2
∞∑
n=−∞
(
αi−nα
i
n + α˜
i
−nα˜
i
n
)
. (2.53)
This is related to X− through the Virasoro constraint (2.37)
∂τX
− =
1
2p+α′
[(
∂τX
i
)2
+
(
∂σX
i
)2]
, (2.54)
so that
p− =
1
2piα′
∫ 2pi
0
dσ∂τX
− =
H
α′p+
. (2.55)
In quantizing we need to normal order the α, so we have
p+p− =
1
α′
[
N⊥ + N˜⊥ − 2a+ α
′
2
pipi
]
, (2.56)
where we define
N⊥ ≡
∞∑
n=1
: αi−nα
i
n : , N˜⊥ ≡
∞∑
n=1
: α˜i−nα˜
i
n : . (2.57)
The mass in the target-space is given by
M2 = −p2 = 2p+p− − pipi = 2
α′
(
N⊥ + N˜⊥ − 2a
)
. (2.58)
Finally, we note that for the closed string we have a symmetry of translations along σ, and this
can be shown to imply the level matching condition
N⊥ = N˜⊥ , (2.59)
so the expression for the mass becomes
M2 =
4
α′
(N⊥ − 1) . (2.60)
Here we used the fact that the normal ordering constant is fixed by criticality to a = 1 (2.52).
Now we can examine the spectrum on the string according to how many oscillators are
present:
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N⊥ = 0
Here we have
M2 = − 4
α′
. (2.61)
This is a tachyonic mode, which means that it is signaling an instability in the bosonic string.
For superstrings this mode will be absent, and so such strings are stable. The tachyon will not
play an important role for us and so we will not discuss it further.
N⊥ = 1
In this case we have
M2 = 0 . (2.62)
This is therefore the massless spectrum of the quantum bosonic string. It is given by
ξijα˜
i
−1α
j
−1 |0, p〉 , i, j = 1, ..., 24 . (2.63)
We can decompose the tensor ξij into irreducible representations of SO(24) as
ξij = g(ij) +B[ij] + Φ , (2.64)
where g(ij) is traceless symmetric, B[ij] is anti-symmetric and Φ is a scalar (corresponding to
the trace).
We therefore find a massless, transversely polarized, symmetric tensor field gij . This is a
graviton! Indeed, it can be shown that it has spin 2. So the quantum bosonic string contains
gravitational modes in its spectrum.
We also find an anti-symmetric massless tensor B[ij] termed the Kalb-Ramond field. We will
return to this field later when we discuss compactifications.
The massless scalar Φ is called the dilaton. It actually determines the coupling constant for
string interactions.
N⊥ > 1
These are massive oscillator string modes, with a mass starting at Ms. They are crucial for
showing the finiteness of string theory scattering amplitudes. But we will not study them
further.
2.1.8 The low-energy effective action
We see that the string has a set of massless fields and some very massive fields. We can consider
non-trivial vacuum configurations of the massless fields Gµν , B[µν] and Φ. These can be thought
of as coherent states of the string excitation modes. In such a non-trivial background the string
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worldsheet theory is modified to
SP = −T
2
∫
Σ
d2ξ (−det h) 12 hab (ξ) ∂aXµ (ξ) ∂bXν (ξ) ηµν
→ −T
2
∫
Σ
d2ξ (−det h) 12
[
hab (ξ) ∂aX
µ (ξ) ∂bX
ν (ξ)Gµν
+ iB[µν]∂aX
µ (ξ) ∂bX
ν ab + α′ΦR(2)
]
. (2.65)
Here ab is the anti-symmetric unit tensor, and R(2) is the two-dimensional Ricci scalar. The
action (2.65) is not, in general, conformally invariant at the quantum level. We can think of the
fields Gµν , B[µν] and Φ as coupling constants in the action which will run. The worldsheet theory
is difficult to quantize, but we can study it for small curvature backgrounds by expanding about
flat space (as well as some specific other backgrounds for which we can solve the worldsheet
theory). This expansion is controlled by α′ since each derivative, associated to higher curvature,
will by dimensional analysis be accompanied with a power of α′.
Their expanded β-functions take the form
βGµν = α
′Rµν + 2α′∇µ∇νΦ− α
′
4
HµλκH
λκ
ν +O
((
α′
)2)
,
βBµν = −
α′
2
∇γHγµν + α′ (∇γΦ)Hγµν +O
((
α′
)2)
,
βΦ = −α
′
2
∇2Φ + α′∇γΦ∇γΦ− α
′
24
HµνγH
µνγ +O
((
α′
)2)
. (2.66)
The H is defined as
Hµνρ ≡ ∂[µBνρ] , (2.67)
where the square brackets denote anti-symmetrization of the indices. Consistency of string
theory requires that the world-sheet theory be conformally invariant. This means that the
β-functions (2.66) should vanish. The resulting constraints can be written as the equations of
motion of an action. This action is then the low-energy effective theory describing the massless
fields of the string. The effective action for this theory is given by
SD = 2piM
D−2
s
∫
dDX
√−Ge−2Φ
(
R− 1
12
HµνρH
µνρ + 4∂µΦ∂
µΦ
)
. (2.68)
We have written the action for general dimension D so that we can treat both the bosonic string
D = 26 and the superstring D = 10, since both contain this massless spectrum. The action is
composed purely of the kinetic terms for the fields, as expected since they are massless.
Note that in the case of the bosonic string there is also a tachyon mode, which we neglect
here. We are only studying the dynamics of the massless modes. This is not really consistent,
but can be done completely consistently for the superstring with D = 10.
2.2 First encounter with the Swampland Distance Conjecture
We have seen that the bosonic string lives in 26 dimensions. The superstring lives in 10
dimensions. These both seem to be directly incompatible with the observed universe. However,
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this need not be the case. The point is that the additional dimensions may be compact and
small, so that they have yet to be observed. This naturally leads to thinking about string theory
in a space-time which has a compact direction. The simplest such setting is the case where one
of the dimensions is in the shape of a circle. We will study this in this section and this will lead
to our first encounter with a Swampland criterium: the distance conjecture.
2.2.1 Compactification of field theory on a circle
We consider D = d+ 1 dimensional space-time. The spatial direction Xd is taken to be compact
in the shape of a circle so is periodically identified
Xd ' Xd + 1 . (2.69)
We are interested in looking at the effective theory in the d non-compact dimensions.
First, recall that we are working in Planck units, which in this case we therefore set as
Mdp = 1, where M
d
p denotes the d-dimensional Planck mass. The periodicity of X
d is set to one
in those units.
We can write the metric on the D-dimensional space as
ds2 ≡ GMNdXMdXN = e2αφgµνdXµdXν + e2βφ
(
dXd
)2
. (2.70)
So here we have introduced the coordinates XM which are D-dimensional, so M = 0, ..., d, while
µ = 0, ..., d − 1. The D-dimensional metric is GMN and we take it as a product metric. The
d-dimensional metric is gµν . In practice we will take this to be ηµν but we keep it general for
now. The metric has a parameter φ which can be regarded as a d-dimensional scalar field. The
constants α and β are chosen to be
α2 =
1
2 (d− 1) (d− 2) , β = − (d− 2)α . (2.71)
Let us look at the circumference of the circle, denoted 2piR, it is given by
2piR ≡
∫ 1
0
√
GdddX
d = eβφ . (2.72)
We see that the radius of the circle is a dynamical field in d-dimensions. We will be interested
in the behaviour of the d-dimensional theory under variations of the expectation value of the
field φ, which amounts to variations of the size of the circle.
The first thing we want to do is decompose the D-dimensional Ricci scalar RD for the metric
(2.70). We have ∫
dDX
√−GRD =
∫
ddX
√−g
[
Rd − 1
2
(∂φ)2
]
. (2.73)
We observe that indeed φ picks up dynamics, and that it is canonically normalized.
Now consider introducing a massless D-dimensional scalar field Ψ. Since the dth dimension
is periodic so must Ψ be, therefore we can decompose it as
Ψ
(
XM
)
=
∞∑
n=−∞
ψn (X
µ) e2piinX
d
. (2.74)
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The modes ψn are d-dimensional scalar fields. The mode ψ0 is called the zero-mode of Ψ, while
the ψn are called Kaluza-Klein (KK) modes. Note that the momentum is quantized along the
compact direction
− i ∂
∂Xd
Ψ = 2pinΨ . (2.75)
For simplicity we now restrict to gµν = ηµν . Since Ψ is massless in D-dimensions, its equation
of motion is
∂M∂MΨ =
(
e−2αφ∂µ∂µ + e−2βφ∂2Xd
)
Ψ = 0 . (2.76)
This gives the equations of motion for the ψn modes[
∂µ∂µ −
(
1
2piR
)2( 1
2piR
) 2
d−2
(2pin)2
]
ψn = 0 . (2.77)
We can therefore read off the mass of the KK modes as
M2n =
( n
R
)2( 1
2piR
) 2
d−2
. (2.78)
So in the d-dimensional theory the KK modes are a massive tower of states with increasing
masses as in (2.78).
2.2.2 Compactification of string theory on a circle
Now let us repeat this exercise in string theory by considering strings on a circle of radius R.
We would like to connect with our results in section 2.1, but those were performed for a metric
ds2 = ηMNdX
M
(s)dX
N
(s) , (2.79)
rather than (2.70). The subscripts on XM(s) are to remind us that we are working with the metric
(2.79). For now we will proceed with the metric (2.79) and take the Xd(s) direction as R-periodic
Xd(s) ' Xd(s) + 2piR . (2.80)
We will reconnect to the metric (2.70) later.
We consider the bosonic mode expansion, as in (2.28), but now we will not impose yet
XM(s) (σ + 2pi, τ) = X
M
(s) (σ, τ) on the linear terms in σ. So we have
XM(s) (τ, σ) = x
µ + α′pMτ +
α′
2
(
pML − pMR
)
σ + oscillators . (2.81)
We have allowed here for independent left-moving and right-moving momenta, and the overall
momentum of the string is half their sum
pM =
1
2
(
pMR + p
M
L
)
. (2.82)
Recall that because the Xd direction is compact this is quantized. The appropriate quantization,
as we will soon see, is
pd =
n
R
. (2.83)
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Figure 7: Figure showing a string winding around a circler dimension 3 times.
In the non-compact space we imposed Xµ(s) (σ + 2pi, τ) = X
µ
(s) (σ, τ) which lead to p
µ
R = p
µ
L, but
for a circle we may have a winding string
Xd(s) (σ + 2pi, τ) = X
d
(s) (σ, τ) + w2piR , (2.84)
with w ∈ Z. The string is wrapping around the circle w times, as illustrated in figure 7. For
such a winding string we therefore have
α′
2
(
pdL − pdR
)
= wR . (2.85)
Now consider the mass spectrum for the string on such a background. We again go to
target-space light-cone gauge. The Hamiltonian (2.53) now reads
H =
α′
2
[
1
4
(
pdL − pdR
)2
+ pαpα +
(
pd
)2]
+
(
N⊥ + N˜⊥ − 2
)
, (2.86)
where we split the index i = {α, d}. Note that we no longer have the level matching condition
(2.59), but instead have
N⊥ − N˜⊥ = nw . (2.87)
Then the d-dimensional mass is given by −pµpµ = 2p+p− − pαpα which, for states with no
oscillators excited, leads to (
M (s)n,w
)2
=
( n
R
)2
+
(
wR
α′
)2
. (2.88)
We would like to connect this result with the effective action (2.73). However, to do that we
need to change from the metric (2.79) to the metric (2.70). This is called going from the string
frame to the Einstein frame. The difference is the factor of e2αφ multiplying the gµν directions.
To get the Einstein frame mass for the states we simply note that pµpµ has one inverse factor of
the metric and so we need to multiply masses by a factor of e2αφ =
(
1
2piR
) 2
d−2 .
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This does not quite do the full job. If we look at the effective action coming from string
theory (2.68) we see that there is an overall factor of the exponential of the dilaton e−2Φ. An
important object is the d-dimensional dilaton Φd defined as
Φd ≡ Φ− 1
2
log (2piRMs) . (2.89)
We would like to look at variations of R which keep Φd fixed. This means that we must vary
e−2Φ ∼ 1
2piRMs
. (2.90)
But if we consider the definition of the d-dimensional Planck mass Mdp coming from the string
effective action (2.68) (
Mdp
)d−2
2
≡ 2piMD−2s e−2Φ , (2.91)
we see that in order to stay in the Einstein frame Mdp = 1 we have to choose our units such that
Ms ∼ (2piR)
1
d−2 . (2.92)
This will then affect the mass of the winding modes in (2.88) because of the factor of α′.
Performing the change of frames then finally leads to the Einstein frame mass
(Mn,w)
2 =
(
1
2piR
) 2
d−2 ( n
R
)2
+ (2piR)
2
d−2
(
wR
α′0
)2
, (2.93)
where the subscript on α′0 denotes that the R scaling has been taken out. We see that this
indeed matches the simple field theory calculation for the KK masses (2.78).
2.2.3 The Swampland Distance Conjecture
We can now study the d-dimensional effective theory. The action is given in (2.73), and this must
be supplemented by the spectrum (2.93). We are particularly interested in how the spectrum of
states behaves under variations of the expectation value of the field φ. This is easy to determine
from the simple relation (2.72). The possible expectation values of the field φ define a field
space Mφ, which in this case has one infinite real dimension. So we can consider
Mφ : −∞ < φ <∞ . (2.94)
Let us define a variation of φ from some initial value φi to some final value φf as
∆φ = φf − φi . (2.95)
We now note that there are two infinite towers of massive states in this theory. The tower of KK
modes, with masses given by Mn,0 in (2.93), and a tower of winding modes given by M0,m. We
can associate to each tower a mass scale, which is the universal factor multiplying the integers n
and m. Using (2.72) we can write these mass scales as
MKK ∼ eαφ , Mw ∼ e−αφ , (2.96)
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Figure 8: Figure showing the mass scale, on a log plot, for the KK and winding towers as a
function of the scalar field φ expectation value. The gradient of the slope is the exponent α.
The Z2 symmetry in the figure is due to T-duality.
where
α =
√
2
(
d− 1
d− 2
) 1
2
> 0 . (2.97)
We therefore can make the following observation. For any ∆φ there exists an infinite tower of
states, with some associated mass scale M , which becomes light at an exponential rate in ∆φ
M (φi + ∆φ) ∼M (φi) e−α|∆φ| . (2.98)
This is illustrated in figure 8. There are some important things to note about this observation
• The tower of states which becomes light is the KK tower if ∆φ < 0 while it is the winding
tower if ∆φ > 0. So some tower of states always become light no matter what the sign of
∆φ is.
• The behaviour (2.98) is deeply string theoretic. It is not true in quantum field theory
because one set of states are winding states which are absent in field theory.
• The product of the mass scales of the two towers is independent of φ.
• The exponent α in the mass is a constant of order one.
• The field φ is canonically normalized, so the behaviour of the mass scales is exponential in
the proper distance in φ field space.
• If |∆φ| → ∞ then an infinite number of states become massless, which means that there
is no description of that locus in a d-dimensional quantum field theory.4
4We can describe it as a D-dimensional theory. Remarkably, this is true for either a very large or very small
radius of the circle.
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The last point has a continuous analogue. If we consider an effective field theory which has a
cutoff Λ below the mass scale of an infinite tower of states, then this field theory can only hold
for a finite range of expectation values of φ.
The behaviour (2.98) is very interesting and it is natural to wonder if there is a deep reason
behind it, and if so, then if it is a general property of string theory. There is good reason to
expect that the answer is positive to both of these questions. One clue is in the origin of the
two towers, the KK and winding modes. These towers a deeply related, indeed there is a Z2
symmetry which interchanges them. This is called T-duality, and it is most directly seen in the
string frame where we observe that the mass spectrum (2.88) is invariant under the action
T− duality : R↔
√
α′
R
. (2.99)
It can be shown that this is not only a symmetry of the mass spectrum, but of the full string
theory. In fact it can be embedded into a gauge symmetry which becomes manifest at the
self-dual radius R =
√
α′
R . Duality is a very deep property of string theory. There are many more
dualities than T-duality. Indeed, all known string theories are themselves related by dualities. It
is then natural to expect that there are many different towers of states which are dual, and this
duality is such that as one moves in the parameter space of the theory, which in string theory
means in the scalar field space, the product of the mass scale of the dual towers stays constant
and so one must become light in any direction. As we move an infinite distance in parameter
space the tower must become massless.
This kind of reasoning, and various simple examples in string theory, let to the proposal
of the Swampland Distance Conjecture (SDC) in [4]. The conjecture is at heart analogous to
(2.98) but can be phrased more generally and precisely as follows.
Swampland Distance Conjecture [4]
• Consider a theory, coupled to gravity, with a moduli space M which is parametrized
by the expectation values of some field φi which have no potential. Starting from
any point P ∈M there exists another point Q ∈M such that the geodesic distance
between P and Q, denoted d (P,Q), is infinite.
• There exists an infinite tower of states, with an associated mass scale M , such that
M (Q) ∼M (P ) e−αd(P,Q) , (2.100)
where α is some positive constant.
Note that because this is an asymptotic statement about infinite distance d (P,Q) → ∞
the mass scale value at P is not so important. The behaviour of the conjecture is illustrated
schematically in figure 9. We will discuss the Swampland Distance Conjecture is more detail in
sections 3.6 and 4.
This is our first encounter with a Swampland conjecture. It typifies many of the general
properties of conjectures about the Swampland.
• It is supported by explicit constructions in string theory.
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Figure 9: Figure showing a schematic illustration of string moduli space. The distance from
any point P in the bulk of moduli space to any point Qi, or Q
′
i, is infinite. Mlightest denotes the
mass scale of the lightest tower of states in the theory, and this goes to zero at any point Qi.
Points Qi and Q
′
i are related by duality and the light towers of states are interchanged between
them.
• There are some general, but imprecise, arguments for why it may be expected to hold
generally.
• It goes beyond quantum field theory and general relativity.
It is worth thinking generally about the Swampland Distance Conjecture. From the per-
spective of quantum field theory it is quite surprising. We have seen that the conjecture can
only hold due to string theory, or more generally, quantum gravity. Typically, the mass scale
associated to such physics is Mp, and one might expect that working at energy scales far below
the Planck mass would mean that we lose sensitivity to such physics. But the conjecture says
that if in the bulk of moduli space, the blue region in figure 9, the tower of states has a mass
scale around the Planck mass Mp, then at large field expectation values this mass scale is
exponentially lower than Mp. Therefore, it claims that the naive application of decoupling in
effective quantum field theory breaks down at an exponentially lower energy scale than expected
whenever a field develops a large expectation value. We will go into much more detail regarding
aspects of this conjecture in the review, but for now let us proceed to a first encounter with a
related conjecture.
2.3 First encounter with the Weak Gravity Conjecture
In the previous subsection we studied compactification of string theory on a circle, but have
neglected a whole sector of physics within such compactifications associated to gauge fields. In
this section we will study this physics and encounter the Weak Gravity Conjecture [5].
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2.3.1 Compactification with gauge fields
In section 2.2 we considered the reduction of string theory on a metric (2.70). The metric
encoded the parameter φ which became a dynamical field in the lower d-dimensional theory.
There is another degree of freedom in the metric which becomes a d-dimensional gauge, rather
than scalar, field Aµ. It is associated to mixed terms as
ds2 = e2αφgµνdX
µdXν + e2βφ
(
dXd +AµdX
µ
)2
. (2.101)
Dimensionally reducing the Ricci scalar now gives∫
dDX
√−GRD =
∫
ddX
√−g
[
Rd − 1
2
(∂φ)2 − 1
4
e−2(d−1)αφF(A),µνF
µν
(A)
]
, (2.102)
where F(A),µν =
1
2∂[µAν] is the gauge field kinetic term. We therefore see that the lower
dimensional theory has a propagating U(1) gauge field with gauge coupling
g(A) = e
(d−1)αφ =
1
2piR
(
1
2piR
) 1
d−2
. (2.103)
The gauge symmetry associated to the gauge field, with a local gauge parameter λ (Xν), is
coming from the circle isometry
Aµ → Aµ − ∂µλ (Xν) , Xd → Xd + λ (Xν) . (2.104)
Recall the KK expansion for the a D-dimensional field (2.74). From the gauge symmetry
transformation (2.104) we therefore see that the KK modes ψn are charged under the KK U(1)
gauge field Aµ. Their charge is
q(A)n = 2pin , (2.105)
which, as expected, is quantized. We now note that there is a relation between the charge and
mass of the KK modes
g(A)q
(A)
n = Mn,0 , (2.106)
where the KK mass is as in (2.93).
Let us now consider the String theory effective action (2.68). If we compactify this action on
a circle we will obtain a gauge field coming from the gravitational sector as in (2.102). However,
we will also obtain a second gauge field Vµ coming from the Kalb-Ramond B-field with one
index along the Xd direction
Vµ ≡ B[µd] . (2.107)
The kinetic terms for Vµ come from dimensional reduction of the kinetic terms of the Kalb-
Ramond field. This gives∫
ddX
√−g
[
Rd − 1
4
e−2(α+β)φF(V ),µνF
µν
(V )
]
. (2.108)
The factor in front of kinetic terms comes from reducing
√−GHµνdHµνd so that
e−2(α+β)φ = e2αφ︸︷︷︸√−G e
−4αφ︸ ︷︷ ︸
(Gµν)2
e−2βφ︸ ︷︷ ︸
Gdd
. (2.109)
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We therefore find a gauge coupling of
g(V ) = e
(α+β)φ = 2piR
(
1
2piR
) 1
d−2
. (2.110)
The states that are charged under Vµ are the winding modes of the string. To see this we can
evaluate directly the Polyakov action (2.65) for a string wrapping the Xd direction w times (in
the Einstein frame). Because the string wraps Xd we can set σ = 2piw X
d and so
SP = −T
2
∫
Σ
dτdσ
[
2iVµ∂τX
µ∂σ
(wσ
2pi
)]
= −i w
2piα′
∫
γ
dτ (∂τX
µ)Vµ . (2.111)
This is just the world-line action of a particle with charge
q(V )w =
w
2piα′
(2piR)
2
d−2 , (2.112)
where we have included the extra factor of (2piR)
2
d−2 coming from (2.92). We therefore have
g(V )q
(V )
w = M0,w , (2.113)
where the winding mass is as in (2.93).
We therefore find that there are two gauge fields in d-dimensions Aµ and Vµ and there are
states charged under them, KK modes and winding modes respectively. Further, the charged
states have interesting relations between their charges and masses (2.113) and (2.106). We will
investigate these properties in the context of the Swampland below. But before that we note
that there is a symmetry in the theory where we exchange the gauge fields Aµ and Vµ and the
KK and winding modes. This is in fact just the T-duality symmetry we encountered already.
2.3.2 The Weak Gravity Conjecture
We have seen that string compactifications on a circle lead to two gauge fields, Aµ and Vµ,
whose gauge couplings are inverse to each other. The d-dimensional effective theory had states
charged under the two gauge fields whose charge mass were related as m = gq. Further, these
states were actually the first in an infinite tower of such states with an associated mass scale
m = g. This tower of states was associated with a new description of the effective theory, in the
case of the KK tower, this description was the D-dimensional theory. We may then consider
this mass scale as a cutoff on the d-dimensional effective theory.
These properties are captured by the Weak Gravity Conjecture which can be stated as
follows.5
5The reader might wonder how the factor of
√
d−2
d−3 fits in with (2.106). We will explain this in section 3.5.4.
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Weak Gravity Conjecture (d-dimensions)a [5]
Consider a theory, coupled to gravity, with a U(1) gauge symmetry with gauge
coupling g
S =
∫
ddX
√−g
[(
Mdp
)d−2 Rd
2
− 1
4g2
F 2 + ...
]
. (2.114)
• (Electric WGC) There exists a particle in the theory with mass m and charge q
satisfying the inequality
m ≤
√
d− 2
d− 3gq
(
Mdp
) d−2
2
. (2.115)
• (Magnetic WGC) The cutoff scale Λ of the effective theory is bounded from above
approximately by the gauge coupling
Λ . g
(
Mdp
) d−2
2
. (2.116)
aThe conjecture in [5] was presented only for four dimensions, and is presented in (3.6) and (3.7).
The logic behind the electric WGC can be simply generalized to d-dimensions, see for example [7]. The
Magnetic WGC for d-dimensions here is deduced naturally from the known examples.
We see that the cutoff scale Λ of the magnetic WGC, in the case of string theory compactifi-
cations on a circle, is associated to the mass scale of an infinite tower of states. We will present
arguments that this may be general. Note that the WGC presents only an upper bound in
this cutoff, due to quantum gravity physics. As is the case with general Swampland criteria, as
illustrated in figure 4, there may be a lower cutoff scale above which the effective theory changes
in character such that the WGC need not apply.
We will discuss the Weak Gravity Conjecture in much more detail in this review, but already
at this stage it is worth thinking about connections between the Weak Gravity Conjecture and
the Swampland Distance Conjecture. From (2.106) and (2.96) we see that the mass of the
KK tower behaves as MKK ∼ g(A) ∼ eαφ. The winding mode tower satisfies a similar relation
Mw ∼ g(V ) ∼ e−αφ, and the two are related by T-duality. These relations identify the tower of
states responsible for the cutoff Λ in the Weak Gravity Conjecture, with the tower of states of
the Swampland Distance Conjecture. This identification was first proposed in general in [8, 9],
and subsequently found to hold in a wide range of string theory settings.
2.4 Strong coupling and the Species scale
We have seen that both the Weak Gravity Conjecture and the Swampland Distance Conjecture
can be associated with the mass scale of an infinite tower of states. This mass scale acts as a
type of soft cutoff on the effective theory. One could imagine including a few of the KK modes
still within the lower, d-dimensional, theory. Let us consider how many such modes we can
include in an effective theory. Since in some sense we know the ultraviolet completion of the
d-dimensional theory, which is a D-dimensional theory, we know that the universal quantum
gravity bound due to strong coupling should be the D-dimensional Planck mass MDp . We can
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therefore count how many KK modes we can include before reaching this scale.
The counting can be done most straightforwardly without going to the d-dimensional Einstein
frame. So we directly dimensionally reduce with a metric
ds2 = gµνdX
µdXν + (2piR)2
(
dXd
)2
, (2.117)
which gives a relation between the Planck masses(
Mdp
)d−2
=
(
MDp
)D−2
2piR . (2.118)
So, in the d-dimensional Planck units we are using, we have MDp ∼ R
1
2−D . The KK scale in this
frame is MKK ∼ 1R , and so we find that the number of states Ns we can include before the true
quantum gravity cutoff scale, MDp , is
Ns ∼
MDp
MKK
∼ R d−2D−2 . (2.119)
We can then rewrite the quantum gravity cutoff scale in terms of Ns as
MDp ∼
1
N
1
d−2
s
. (2.120)
This is the scale where gravity becomes strongly coupled in the higher dimensional theory which
we are reaching by including the KK modes.
The scale MDp is, for R 1, much lower than the d-dimensional Planck mass Mdp (which we
have set to unity). So gravity becomes strongly coupled at a parametrically lower scale than
one might have naively guessed. We can understand this microscopically in terms of the fact
that the gravitational force is really D-dimensional rather than d-dimensional, and so is diluted
by more than we might have guessed. At energy scales below the compactification radius this
dilution is manifest as the d-dimensional force appearing weaker than it actually is, leading
to an incorrect estimation of the scale at which it becomes strongly coupled. This mechanism
is famously exploited as a proposed solution to the hierarchy problem by postulating that for
sufficiently large extra dimensions the strong coupling scale of gravity may actually be close to
the electroweak scale [10].
The premature strong coupling scale of gravity can be written in terms of the number of
states below it in the form (2.120). In this case, Ns is counting KK modes, but it is actually
conjectured that the form (2.120) is generally true. One can formulate this by defining the
Species scale Λs which sets the scale of strong coupling for gravity.
The Species Scale (Conjecture)
Consider a d-dimensional theory, coupled to gravity with a Planck mass Mdp ,
which has Ns particle states below a cutoff scale Λ. Then within any weakly-coupled
gravitational regime there is a bound
Λ < Λs ≡
Mdp
N
1
d−2
s
. (2.121)
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The species scale has a long history associated to various inconsistencies that could arise for
a large number of species. An incomplete list of studies of this in the context of holography
is [11–15]. The formulation of the scale presented above, is more closely related to [16–21],
though we will see in section 3.3.1 that the two approaches are related.
As in the other Swampland conjectures, our first encounter with the species scale is in the
rather specific context of KK reduction. However, we will present increasingly general arguments
for its validity as the review progresses.
3 Charting the Swampland
The study of what criteria differentiate a theory in the Landscape from one in the Swampland
is a substantial and somewhat complex field. The evidence for the proposed criteria typically
stems from a number of sources. In section 2 we studied evidence from rather simple string
theory constructions. We will develop the evidence from string theory in more detail in section 4.
Evidence from string theory constructions can be thought of as indirect. We may consider string
theory vacua as providing experimental input for proposed theories. A more direct approach
would be to start from some general property of the ultraviolet physics and directly derive
Swampland criteria. Such an approach is still in its early stages, but we will dedicate section 5
to studying a proposal for how such a direct picture could work.
In this section we will discuss an approach to gathering evidence which is somewhere in the
middle between examples in string theory and a direct microscopic picture. The idea is to try
and motivate general properties of quantum gravity that would manifest in the infrared, and
use these to arrive at Swampland criteria. This approach is also indirect, it assumes that the
ultraviolet physics would be structured in such a way that certain infrared properties of gravity
would be guaranteed, rather than working directly from the ultraviolet. These assumed infrared
properties should not be thought of as proven, in general they are conjectural and some may be
incorrect. To make this clear we will present the arguments for each proposal, or conjecture,
and the reader may consider how seriously this evidence should be regarded. The idea is not
necessarily to prove Swampland criteria, though some arguments may be considered by some
as close to proofs, but rather to build a network of signposts pointing us towards what kind
of criteria could be part of the Swampland, and how they may be connected. We are seeking
to build a framework in which to place new and old ideas about the Swampland. One way to
motivate this is as generating hypothesis that can then be tested in string theory. After all, much
of the Swampland is uncharted, and we need to first establish what are the candidate Swampland
criteria. Another is that the signposts may help us uncover the underlying microscopic physics.
Yet another is that finding a large number of independent indirect arguments towards the same
result may still be regarded as strong evidence. Finally, it is not inconceivable that some criteria
can really be proven from infrared properties of gravity, especially utilizing holography.
3.1 Global symmetries in quantum gravity
Many of the Swampland criteria can be thought of as attempts at extending the idea that
quantum gravity should have no global symmetries. In some sense, the absence of globals
symmetries is arguably the first proposed Swampland criterion. It is an old idea with a number
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of motivating arguments. A good account of this subject can be found in [22]. One motivation
is that in perturbative string theory a global symmetry on the worldsheet is always gauged in
the target space [23]. In anti-de Sitter space it is possible to utilize holography as powerful tool
to study this question, and recently a proof of the absence of global symmetries was presented
in [24,25]. We can then formulate this as a conjecture.
No Global Symmetries Conjecture [22, 23]
A theory with a finite number of states, coupled to gravity, can have no exact
global symmetries.
An important argument against global symmetries comes from semi-classical properties of
black holes.6 Let us first recall some basic properties. The four-dimensional Schwarzschild black
hole solution takes the form
ds2 = −f (r) dt2 + f (r)−1 dr2 + r2dΩ2 , (3.1)
where
f (r) = 1− 2MADM
r
. (3.2)
Here MADM is the (ADM) Black Hole mass (measured relative to the asymptotic flat metric). We
have used spherical coordinates, with time t, radial coordinate r, and area element dΩ. The No
Hair Theorem [27] states that the metric (3.1) is unique for uncharged stationary black holes. In
particular, for our purposes, if the black hole was formed by throwing in matter which is charged
say under a putative exact U(1) global symmetry, this charge is not reflected in properties of
the black hole horizon. Classically, this is not necessarily a problem, but semi-classically the
black hole will emit Hawking radiation and thereby lose mass. However, there is no way in
which it can lose any global charge because the horizon is not sensitive to such a charge, or
in other words, there is nothing which breaks the symmetry between positive and negative
charges at the horizon. This means that in this theory which has a global charge, given a black
hole of a certain mass we cannot determine what the global charge of the black hole is. There
is an infinite uncertainty to an observer outside the black hole, and this uncertainty may be
associated with an infinite entropy. However, the entropy of a black hole is expected to be finite
and given by the Bekenstein-Hawking entropy which, up to numerical factors, goes as M2ADM.
This is an inconsistency, which leads to the conclusion that quantum gravity should have no
global symmetries.
The argument can be formulated in a different way in terms of so-called remnants. This
is just a restriction of the mass of the black hole in the above argument to the smallest mass,
so whatever the end point of the Hawking evaporation is. This perspective naturally has an
uncertainty associated to it since the end point of Hawking radiation is presumably some deeply
quantum gravitational physics, where the horizon no longer has a semi-classical description.
However, one can argue that still whatever that regime is, it is not possible for the black hole to
shed its global charge. The reason is that if we formed the black hole by throwing in some large
number of charged particles, by the time it has shed its mass to reach the Planck scale quantum
regime it no longer has enough mass to be able to emit enough of the charged particles to shed
6While black holes are the natural objects to utilize for global U(1) symmetries, for shift symmetries the
appropriate objects are more closely related to Euclidean wormholes, see [26] for a recent review.
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Figure 10: Figure illustrating how in the presence of a U(1) global symmetry, black hole
formation and decay would lead to an infinite number of stable remnant states below a fixed
mass scale.
its global charge. The result is therefore an object which is stable due to its global charge, but
which may be relatively light, so of order the Planck mass. This is a remnant. A quantum
theory of gravity with a global symmetry would therefore have an infinite number of remnants.
This is illustrated in figure 10.
So in the presence of a global symmetry black holes can turn one charged particle below
Mp into an infinite number of charged particles below Mp. Having an infinite number of states
below a fixed mass scale can be reasonably considered to be inconsistent [28]. However, it is not
simple to really prove that something goes wrong. An important point is that the remnants
may lie at energy scales where gravity is strongly coupled, say around Mp, and so a microscopic
derivation of inconsistencies is difficult to reach. One may argue that the remnants can form a
violation of an appropriate entropy bound [22], but we will see in the following that this is not
simple to show for similar reasons.
This is actually a fundamental obstacle to the approach of attempting to derive Swampland
criteria from a semi-classical black hole starting point. The Swampland criteria are typically
formulated as statements about states in the theory which lie below the Planck mass, so things
that are particle-like in nature. On the other hand, black holes are extended solutions, and are
therefore only well understood for masses far above the Planck mass. In between these two
regimes lies the quantum gravity regime and any microscopic type argument would have to
cross this boundary. Typically, this is only possible to do in a controlled setting with sufficient
supersymmetry in a string theory. The notion of black hole entropy forms a bridge between
these two regimes allowing us to somewhat by-pass this issue, at least with an appropriate
microstates counting interpretation of the entropy, and so the entropy argument above is in this
sense stronger than the remnants argument. Nonetheless, there is a clear correlation between the
two infinities associated to global symmetries, and since in any case these arguments will form
indirect signposts towards the Swampland criteria, we may try to utilize the logic of problems
with remnants as a guiding principle.
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3.2 Completeness in quantum gravity
Unlike global symmetries, gauge symmetries are of course perfectly fine within quantum gravity.
However, we may relate gauge symmetries to global symmetries in certain ways and this way
attempt to constrain properties of theories with gauge symmetries in quantum gravity. In section
3.3 we will discuss one such relation, which is naturally related to taking the gauge coupling g of
a gauge symmetry to zero g → 0. There is another interesting relation which forms a motivation
for the ideas of this section.
It is most simply illustrated with a U(1) gauge symmetry. Consider a pure Einstein-Maxwell
theory with just a U(1) gauge field with gauge coupling g,
S =
∫
d4X
√−g
[
M2p
2
R− 1
4g2
F 2
]
. (3.3)
The local gauge transformation acts with a scalar parameter λ (x) as Aµ → Aµ + ∂µλ. However,
we may also consider a transformation Aµ → Aµ + σµ, with
∂[νσµ] = 0 . (3.4)
Locally in space-time there is no difference between ∂µλ and σµ, but physics which is sensitive
to more global aspects of the space can tell the difference.7 For example, if we consider the
spacetime to be topologically R1,2 × S1, then Wilson loops wrapping the circle e
∫
S1 Aµdx
µ
,
transform under σµ but not under ∂µλ. Gauging the symmetry σµ amounts to dropping the
condition (3.4), which means that we would require introducing some anti-symmetric two-tensor
(a two-form) to transform as ∂[νσµ] and thereby retain gauge invariance. If we maintain (3.4),
then this is an example of a generalized global symmetry [29]. Within quantum gravity we can
expect an obstruction to the existence of this global symmetry.
A simple way to break the generalized global symmetry is the introduction of charged matter.
The gauge covariant derivative for a charged field is not invariant under the σµ transformation
but only under ∂µλ. Therefore, we may motivate an idea that in quantum gravity we should
not expect a U(1) gauge symmetry with no matter charged under it. This is a mild version of a
more general conjecture about quantum gravity called the Completeness Conjecture [30].
Completeness Conjecture [30]
A theory with a gauge symmetry, coupled to gravity, must have states of all pos-
sible charges (consistent with Dirac quantization) under the gauge symmetry.
It is important to note that the Completeness Conjecture says nothing about what the mass
of the charged states needs to be. They could all be extremely heavy with a mass around the
Planck mass.
The argument in terms of generalized global symmetries only requires a single charged state,
but if we extend it to discrete generalized global symmetries then we require all possible charges
in order to break also any discrete symmetries [29]. This is also related to the point that the
7In terms of de Rham cohomology, the difference between ∂µλ and σµ is that the former is exact while the
latter is closed.
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Einstein-Maxwell action (3.3) actually has charged objects in the form of charged black holes.
Therefore, these states actually break the generalized global symmetry, but they would have
very large charges. The relation between charged particles, Wilson lines, and black holes was
also noted in [22]. In particular, it is possible to think of a Wilson line as the world-line of
a probe particle, as in (2.111). The set of Wilson lines spans all the possible charges, which
means we may consider en
∫
Aµdxµ for all n ∈ Z, and so is associated to a full set of charged
probe particles. In field theory we may send the mass of this probe particle to infinity effectively
decoupling it from the theory. But with gravity we cannot do that as it will eventually form a
black hole, and so remain a physical state in the theory.
The relations between gauge and global symmetries, charged particles and charged black
holes, will thread much of this review and form crucial elements of the discussion around the
Swampland.
3.3 The Weak Gravity Conjecture and charged black holes
The Weak Gravity Conjecture, as stated in (3.6) and (3.7), was proposed in [5] where also black
hole based arguments were made for it. These arguments were aimed at emulating the global
symmetries arguments for gauge symmetries. To understand the relation we must first consider
how a black hole charged under a gauge symmetry differs from one charged under a global
symmetry.
It is simplest to restrict to four dimensions at this point. Let us then first state the Weak
Gravity Conjecture in four dimensions.
Weak Gravity Conjecture (4-dimensions) [5]
Consider a theory, coupled to gravity, with a U(1) gauge symmetry with gauge
coupling g
S =
∫
d4X
√−g
[
M2p
2
R− 1
4g2
F 2 + ...
]
. (3.5)
• (Electric WGC) There exists a particle in the theory with mass m and charge q
satisfying the inequality
m ≤
√
2gqMp . (3.6)
• (Magnetic WGC) The cutoff scale Λ of the effective theory is bounded from above
approximately by the gauge coupling
Λ . gMp . (3.7)
There are a few subtleties in this definition of the conjecture that are worth explicitly
mentioning. The first is that we used the word particle in the electric Weak Gravity Conjecture.
We take this to mean a state with a mass below the Planck mass m < Mp. It is sometimes
considered to allow the state satisfying the Weak Gravity Conjecture to be much heavier than
the Planck scale, in which case it should better be regarded as an extended state, say a charged
black hole. This is a weaker version of the conjecture, and is in some sense trivial since, as we
will see, extremal charged black holes themselves satisfy the inequality (3.6). Another subtlety
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is that the action (3.5) by itself does not fix the gauge coupling g since an arbitrary rescaling
of g can be absorbed into a definition of the gauge field in F . The normalization of the U(1)
gauge coupling is implicit in the action (3.5) in the sense that the gauge field normalization
is chosen to have a canonical coupling to matter current (for example appearing in a charged
covariant derivative as |∂µ + iqAµ|2 with q ∈ Z). Finally, the meaning of the cutoff scale Λ in
(3.7) is not made clear. However, we have seen already in the first encounter in section 2.3.2,
and it will be argued for more generally in section 5, that it is naturally associated to the mass
scale of an infinite tower of states.
In this section we would like to present some arguments for this conjecture based on black
hole physics. We will see that this is not simple. It is difficult to find a microscopic inconsistency
directly within the low-energy effective theory associated to a violation of the Weak Gravity
Conjecture. However, as discussed in the introduction, it is important to keep in mind that we
should regard the arguments presented in this section as signposts towards how we might expect
the ultraviolet theory to behave such that certain seemingly strange, though perhaps not clearly
microscopically inconsistent, behaviour is avoided in the infrared.
First, let us introduce some properties of black holes in the presence of a U(1) gauge
symmetry. The charged black hole solution to the action (3.5) takes the same form as (3.1) but
with
f (r) = 1− 2MADM
r
+
2g2Q2
r2
, (3.8)
where Q is the quantized black hole charge. Since f(r) is now quadratic, there are two horizons.
Charged black holes satisfy an extremality bound where the two horizons coincide
MADM ≥
√
2gQMp . (3.9)
A black hole which saturates (3.9) is called extremal. Approaching extremality the outer horizon
shrinks towards the inner horizon, and violating the extremality bound is therefore associated
to a naked singularity.
In the case of a global U(1) symmetry we could theoretically create an infinite number of
black holes with different charges and the same finite mass. For a gauge U(1) symmetry the
extremality bound implies that there are only a finite number of black holes below a given mass.
More precisely, below a given mass Λ, there are NBH possible black holes, with
NBH ∼ Λ
gMp
. (3.10)
Eventually, increasing the charge any further necessarily implies an increase in the mass.
Therefore, the entropy based argument against global symmetries, where one associates an
infinite uncertainty to a black hole with a finite mass no longer works. Actually, it fails in an
even more fundamental way since it is directly possible to measure the charge of the black hole
by measuring the flux of the gauge field, and so it seems there is no uncertainty at all about the
charge.
These differences from the global symmetry case appear to become negligible however in the
limit g → 0. The number of black holes below a given scale diverges in this limit NBH →∞, and
it becomes impossible to measure the black hole charge since the black hole sources no flux in
that limit. This is something which will come up multiple times in the arguments for Swampland
constraints: sending the coupling of a gauge symmetry to zero turns it into a global symmetry.
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This makes sense also from the perspective of the microscopic physics, the limit g → 0 can
be thought of as giving an infinite kinetic term to the gauge field which stops it becoming a
propagating local field. However, the gauge symmetry remains as an exact selection rule on
interactions, and so is behaving very much like a global symmetry. The magnetic Weak Gravity
Conjecture can therefore be interpreted as capturing how such a continuous flow towards a
forbidden global symmetry limit is continuously obstructed in quantum gravity.8
If we accept the black hole arguments against global symmetries, we therefore can accept
a black hole argument against the limit g → 0 of a gauge symmetry. However, making this
quantitative is not simple, and indeed we will see some of the issues with the global symmetry
arguments arise again. We can consider first the problem that the Bekenstein-Hawking entropy
may be violated due to a large uncertainty in the black hole charge. It was briefly argued in [32]
that this argument still holds in the sense that for small gauge coupling g it becomes increasingly
difficult to measure the black hole charge. However, it is not clear how to quantify this. A
related issue is that to measure any charge precisely requires an infinite amount of time, since
we require the sphere measuring the flux to be at infinity. This has been quantified for example
in [33]. Attempts at making the charge uncertainty argument for the magnetic Weak Gravity
Conjecture quantitative and rigorous were made in [34,35], but with limited success.
The other argument in the global symmetry case was based on the presence of an infinite
number of stable remnants. For the gauge symmetry case the number of possible remnants, with
a mass below a scale Λ, is given by (3.10). It is not clear how to find a rigorous problem due to
these remnants, one approach is to consider a violation of entropy bounds. Indeed, in [32] it was
argued that by putting such remnants in a box it is possible to violate the Covariant Entropy
Bound [36, 37]. It is informative to examine this issue in detail which we do in the following
section.
3.3.1 Covariant Entropy Bound and the Species Scale
Extracting a problem with a black hole remnant from a microscopic perspective usually amounts
to treating them as fundamental particles in their own right. One can then consider, for example,
running them in loops [28]. We will utilize an assumption that this is a valid approximation,
so that whatever the internal structure of the remnants it does not modify their behaviour
significantly relative to a fundamental particle. This necessarily implies that we should consider
only remnants with a mass below Mp. In that case, we can consider a theory with Ns different
species of particles where, utilizing (3.10) with Λ = Mp, we have
Ns =
1
g
. (3.11)
While this relates a theory with Ns species to black hole remnants, it is worth noting that the
discussion in this subsection holds generally and independently of the origin of the species.
The Covariant Entropy Bound (CEB) [36,37], sometimes referred to as the Bousso Bound,
is a way to precisely formulate the general principle of holography [38] (see [39] for a review).
It can be applied in an arbitrary spacetime, but we will only consider it for now in flat space.
8In [31] it was argued that a similar interpretation arises also for the Swampland Distance Conjecture within
string theory. See section 4.7.1.
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In this case it amounts to restricting the entropy S inside a box or sphere of radius R to be
bounded by a quarter of its area A (R),
S ≤ A (R)
4
. (3.12)
The covariant entropy bound is closely related to the Bekenstein bound [40–42] which states
that given some matter with total mass-energy E, inside a sphere of radius R, the entropy of
that matter Smatter is bounded by
Smatter ≤ 2piER . (3.13)
Note that a crucial property of the Bekenstein bound is that it does not involve Mp and so
the connection with gravity is unclear. Indeed, it can be applied directly in the quantum field
theory limit Mp →∞.
We would now like to consider how the entropy bounds behave in the case of Ns species of
particles. In particular, we would like to consider the Species Problem [11–15,39] which amounts
to the possibility of violating the entropy bounds if Ns is sufficiently large. Consider first the case
of the Bekenstein bound in the gravity decoupling limit (3.13). We can then consider Ns species
of particles which are non-interacting, and place them in a box. Their entropy should grow at
least as Smatter ∼ logNs and so for sufficiently large Ns would violate the bound. However, it
was shown in [43], building on earlier ideas in [44,45], that the bound is not violated even in
the limit Ns →∞. This is explained by proposing that the entropy Smatter should be defined
carefully as the relative entropy between the matter system and the vacuum state. So, at least
when gravity is decoupled, having a large number of species may not lead to an inconsistency in
the theory, at least not one related to entropy bounds.
If we now couple gravity in then the Bekenstein bound (3.13) can be related to the covariant
entropy bound (3.12) by requiring that the matter inside the sphere be gravitationally stable,
so does not collapse to a black hole 2E ≤ R. To see how the species problem manifests in
this case we consider Ns species of relativistic weakly interacting fields and follow the analysis
in [39, 46–49]. We can associate to them a temperature T , such that the energy scales as
E ∼ NsR3T 4, while the entropy behaves as S ∼ NsR3T 3. Imposing gravitational stability on
the energy limits the temperature and therefore leads to a maximum entropy S ∼ N
1
4
s R
3
2 . The
covariant entropy bound (3.12) then implies
Ns . R2 . (3.14)
Given a fixed size sphere with radius R, it appears that we can always find a sufficiently large
Ns which violates the bound.
Some proposed resolutions to this problem are outlined in [39]. There is a rather clear
resolution however once we recall the species scale (2.121). Indeed, for the value of Ns which
saturates the bound (3.14) we find that the species scale is
Λs ∼ 1√
Ns
∼ 1
R
. (3.15)
This is the Hubble scale of the sphere, which also sets the minimum energy excitation in the
sphere. Therefore, the species scale censors in this way increasing Ns any further than R
2,
beyond which the species cutoff would be lower than even the zero-point energies of the fields.
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Returning to the question of black hole remnants, it is therefore not clear that the interpre-
tation of having a large number of remnants or species necessarily leads to a violation of entropy
bounds. Rather, a natural interpretation is that a large number of remnants would be associated
with a lowered cutoff of any effective theory. Indeed, the magnetic Weak Gravity Conjecture
proposes such a lowered cutoff (3.7). We will see in section 5 that indeed this lowered cutoff is
closely related to (though not equal to) the species scale, thereby tying it to the entropy bounds
analysis in this section.
3.3.2 Black hole discharge
We have seen so far that black hole arguments seem to point towards the magnetic Weak Gravity
Conjecture (3.7). The electric Weak Gravity Conjecture (3.6) also has natural ties to black hole
physics [5]. Indeed, it can be formulated as the requirement that all black holes should be able
to discharge themselves.
Recall that in the case of a global U(1) symmetry there was nothing to discriminate between
positive and negative charges on the black hole horizon, and therefore there cannot be a discharge
process. In the case of a gauge U(1) symmetry, the charge of the black hole induces a field
around its horizon and this allows for a discharge process analogous to Hawking radiation
whereby charged particles are emitted [50] (see [32] for a summary). There are two discharge
processes and which one dominates depends on the mass of the black hole M , the charge of
the black hole Q, the mass of the particle which is being emitted m and its charge. The gauge
coupling g is normalized here such that the charge of the emitted particle is one q = 1. Recall
that we may associated a Hawking temperature to the black hole
TH =
R+ −R−
4piR2+
, (3.16)
where R+ and R− are the outer and inner horizons of the black hole. If this temperature is much
higher than the mass of the particle TH  m, then the particle is thermally produced on the
horizon. The electric field of the black hole induces a chemical potential for this process favouring
the production of particles with opposite charge to the black hole. This becomes significant when
g2Q ∼Mm [32,50]. In such regimes therefore the black hole efficiently discharges itself thermally,
it is a small or hot charged black hole. The other regime is that of a large or cold black hole
TH  m. In that case the dominant discharge comes from Schwinger pair production [51] in the
constant electric field of the black hole. This is particularly important for black holes which are
extremal or near extremal. This discharge process becomes efficient when m2R2+ ∼ gQ [32, 50].
Both of these discharge processes are schematically illustrated in figure 11.
A requirement for the discharge of black holes is that the theory must contain a charged
particle that can be emitted. There is a constraint on the mass-to-charge ratio of the particle.
To see this we first derive the general and simple statement that a charged object can only decay
into a set of lighter objects if that set contains at least one particle with a higher charge-to-mass
ratio than the original one. Let the initial object have a mass M , and charge Q. It decays into
a set of particles with masses mi and charges qi. By energy and charge conservation we have
M ≥∑imi and Q = ∑i qi. We therefore find
M
Q
≥ 1
Q
∑
i
mi =
1
Q
∑
i
(
mi
qi
)
qi ≥ 1
Q
(
m
q
)∣∣∣∣
min
∑
i
qi =
(
m
q
)∣∣∣∣
min
. (3.17)
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Figure 11: Figure illustrating the discharge process of black holes. A pair of positively charged
particle and its negatively charged anti-particle are created in the electric field outside the black
hole. The anti-particle falls into the black hole, decreasing its charge, while the particle escapes
to infinity.
For a black hole to decay we therefore require a particle to exist with a larger (or equal to)
charge-to-mass ratio than the black hole. The black holes with the largest charge-to-mass ratio
are those which saturate the extremality bound (3.9). Their decay therefore poses the strongest
constraint on the theory, and this leads directly to the electric Weak Gravity Conjecture (3.6).
The crucial question for the electric Weak Gravity Conjecture is therefore whether charged
black holes must be able to decay. One motivation for this could be that we require the absence
of charged remnants. If charged black holes can simply discharge themselves, then we should
not expect any stable remnants. However, the remnant-based arguments seem to suggest that it
may be sufficient to lower the cutoff scale of the theory, for example as captured by the magnetic
Weak Gravity Conjecture (3.7). Indeed, we have mentioned that the scale of the magnetic Weak
Gravity Conjecture Λ ∼ gMp can actually often be associated with a tower of charged states.
So far from wanting to forbid charged stable light states at weak coupling g  1, we expect
their presence.
It is therefore, at this point, somewhat of an open question as to whether the discharge of
black holes is something that should be expected to be a Swampland constraint. Proving that
completely stable charged black holes carry an intrinsic inconsistency would therefore amount
to the proof of the electric Weak Gravity Conjecture.
3.3.3 Extremal black hole instabilities
Charged black holes may have a self-built instability in the sense that they may not require a
charged particle in order for them to decay. Rather, it is possible that charged black holes simply
decay to smaller charged black holes. Such a decay would require that the charge-to-mass ratio
of extremal black holes is not exactly one, but is slightly larger. Charged extremal solutions to
Einstein-Maxwell theory, composed of the first two terms only in (3.5), saturate the inequality
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Figure 12: Figure illustrating two possible curves for the maximal charge-to-mass ratio of black
holes once higher derivative terms are included. In general, it is expected that the deviation
from unity should increase for smaller black holes. Whether the charge-to-mass ratio increases
or decreases depends on the particular structure of the higher derivative terms. If it increases
then black holes can decay to smaller black holes, while such decays are forbidden in the other
case. For black holes with mass approaching the Planck mass Mp the semi-classical description
breaks down and so the charge-to-mass ratio for objects near or below the Planck mass is not
accessible through this methodology.
of the electric Weak Gravity Conjecture (3.6) precisely. However, such a theory is not valid at
the Planck scale, and so one expects additional massive structure such that when one integrates
it out the low-energy effective theory would receive corrections in the form of higher derivative
operators like F 4 and R2. The extremal black hole solutions in such theories no longer need
to saturate the inequality (3.6) precisely. It could be that they rather violate it, or it could be
that they satisfy a strict inequality. Which one of these occurs depends on the structure of the
higher derivative terms.
If the charge-to-mass ratio of black holes satisfies a strict inequality version of (3.6), it is
natural to expect that it becomes larger for lighter black holes. This is because larger black
holes are extended solutions with larger radii and so are expected to be less sensitive to higher
derivative terms. This way there would be an energetically allowed cascade of instability for
charged black holes which can be followed down to masses above the Planck mass. Such a
situation is illustrated in figure 12. It is not clear if this would really solve any problems that
may underly the Weak Gravity Conjecture, largely due to the fact that those problems are
themselves not sharply defined. In some sense, proving that the higher derivative terms increase
the charge-to-mass ratio of black holes would amount to a proof of a certain formulation of
the Weak Gravity Conjecture, where the state satisfying the inequality is itself a black hole.
However, it cannot be used in the regime where the state is a particle, and so would not prove
the precise formulation presented in section 3.3.
The idea that higher derivative terms are structured in such a way that the charge-to-mass
ratio of black holes is actually larger than one, was proposed already in the original paper [5].
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It was argued that this structure may be forced by the absence of superluminal propagation.
Another approach proposed was that their structure may be constrained by analyticity of
scattering amplitudes. This utilized the assumption that amplitudes should remain analytic even
in the deep ultraviolet, which then leads to strong positivity constraints on higher derivative
operators [52]. This approach was further developed in [53–55], and a general proof was claimed
in [56].9 In [58, 59] a slightly different approach based on general expectations that the entropy
of a system should increase with light degrees of freedom was utilized to constrain the structure
of higher derivative terms. The results all point towards the charge-to-mass ratio being raised
above one due to higher derivative terms.
Within string theory it is possible to calculate some of the higher derivative terms directly.
Within the context of black holes this was done in [60,61]. Again, their structure was found to
support the idea that the charge-to-mass ratio is raised above one.
3.3.4 Arguments from bound states
In [5] it was proposed that one could consider constructing stable remnant-type states not by
considering black hole decay but rather directly by thinking about the forces acting on particles.
This approach is more directly related to the name of the conjecture, specifically the simple
argument shows that requiring the absence of stable gravitationally bound states implies that
there should exist a particle on which gravity acts as the weakest force.
Consider Einstein-Maxwell theory with charged particles, and consider the particle with the
largest charge-to-mass ratio in the theory (which need not for now be larger than one). The
interaction between two such particles, at a separation distance r larger than their Compton
wavelength, is that of two long-range Coulomb forces. An attractive force due to gravity FGravity,
and a repulsive one due to the electromagnetic field FEM, with magnitudes
FGravity =
m2
8piM2p r
2
, FEM =
(gq)2
4pir2
. (3.18)
The electric Weak Gravity Conjecture (3.6) can therefore be stated as FEM ≥ FGravity for the
particle with the largest charge-to-mass ratio.
Let us consider what happens if the electric Weak Gravity Conjecture is violated, so if for
the particle with the largest charge-to-mass ratio we still have FEM < FGravity. Then two such
(stationary) particles would attract rather than repel, and so form a bound state. The energy of
this bound state would be strictly smaller than 2m because of the gravitational potential, but
its charge would be exactly 2q. Therefore, the bound state would have a larger charge-to-mass
ratio than the particle with the largest charge-to-mass ratio in the theory. By charge and energy
conservation, as discussed in section 3.3.2, the bound state cannot discharge by emitting particles
and therefore would be completely stable. We can then consider adding more and more such
particles. Since they are mutually attracting, there will always be such a stable bound state
with an arbitrarily large charge.
The stable bound states are in some sense analogous to the black hole remnants discussed at
the start of this section, at least in that they are gravitationally bound states stable by their
charge. However, they seem different in that they may be weakly coupled states, while remnants
9See also [57] for related work.
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are naturally regarded as strongly coupled. As was the case for black hole remnants, it is not
clear what microscopically goes wrong if such stable gravitationally bound states exist. Some
arguments towards problems with such states were presented in [62]. These were based on
the result that the binding energy for N non-relativistic charged particles interacting under
gravitational and electromagnetic Coulomb forces behaves as N3
(
m2 − 2g2q2)5 [63]. If the
Weak Gravity Conjecture is violated this can be made arbitrarily negative for sufficiently large
N . However, it was also acknowledged that a system with large N will undergo gravitational
collapse and form a black hole with a horizon. It therefore remains unclear whether there is a
microscopic inconsistency, indeed it appears that the black hole formation leads back to the
question of remnants and whether they are problematic or not.
3.3.5 Arguments from AdS/CFT
Holography in quantum gravity is best understood in anti de Sitter space through the AdS/CFT
correspondence [64]. It is therefore natural to consider if AdS/CFT can yield insights into the
Swampland and in particular the Weak Gravity Conjecture. This is potentially a very promising
approach, and has already yielded very interesting results, though it does face some intrinsic
difficulties. It is restricted to AdS space, and the nature of the duality is strong-weak which
means that weakly-coupled conformal field theories are dual to a non-Einstein regime of gravity.
The Weak Gravity Conjecture is defined in the Einstein regime, and so probing it relies on
understanding the strong coupling behaviour of the CFT.
For early work on the Weak Gravity Conjecture and AdS/CFT see [65,66]. In [67] it was
argued that the Weak Gravity Conjecture may be violated in regimes of CFTs which are not dual
to Einstein gravity. It was also studied in [68] with a focus on understanding the implications
of supersymmetry breaking. Particularly powerful results can be obtained in the context of
AdS3/CFT2 duality by utilising modular invariance on the CFT side [8,69–71]. These results
provided some of the most rigorous and general arguments for the Weak Gravity Conjecture in
this context. In particular, they presented evidence for an interpretation of the magnetic Weak
Gravity Conjecture scale (3.7) as being related to an infinite tower of states. In [72] a relation
between small gauge couplings and black hole thermodynamics was developed which lead to
a bound on small gauge couplings, though this bound was much weaker than the magnetic
Weak Gravity Conjecture scaling only logarithmically with the gauge coupling. In [73] the Weak
Gravity Conjecture was linked to thermalization properties of the boundary Conformal Field
Theory.
The implementation of information theoretic concepts, in particular entanglement entropy,
within AdS/CFT has proven to be a productive line of research. These techniques have been
applied in the context of the Weak Gravity Conjecture in [24,25,74–76]. In particular, it was
argued in [76] that exact stability of extremal black branes is in contradiction with information
theoretic results, thereby implying that charged black holes should decay and so requiring the
particle of the electric Weak Gravity Conjecture.
In [24,25,74] the Weak Gravity Conjecture was related to a certain factorization problem
in AdS/CFT. If we consider an AdS Schwarzschild geometry it has two boundaries on which
live two dual Conformal Field Theories. It was argued in [77] that any state in the bulk can
be described by a state in the direct product of the two boundary field theories. The problem
studied in [74] is that one may consider a Wilson line stretching between the two boundaries. A
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Figure 13: Figure showing an AdS Schwarzschild geometry. There are left and right boundaries
on which live two conformal field theories CFTL and CFTR. It was argued in [77] that any
state can be described in the direct product of the CFTs. The left figure shows a Wilson line
connecting the two CFTs spoiling the factorization. The right figure shows a proposed resolution
which restores factorisation by postulating that the Wilson line must end on charged particles
at sufficiently short length scales set by the magnetic Weak Gravity Conjecture scale [74].
boundary description of this appears difficult to formulate in terms of states that are factorised
between the two boundary theories, so the Wilson lines breaks the factorization. It was then
proposed that this is resolved because the Wilson line actually terminates on massive charged
states that would be present in the ultraviolet theory. This way, in the full theory, there are no
Wilson lines stretching between the boundaries, and any state can be described purely within
the product of the boundary theories. These massive charged states were then identified with
the particles of the Weak Gravity Conjecture. This is illustrated in figure 13.
While this argument suggests that the ultraviolet theory should contain the relevant charged
states, it does not say anything about the relation between their mass and charge, as required for
the Weak Gravity Conjecture. However, the fact that one requires the Wilson line to terminate
on such states at sufficiently small length scales suggests that at sufficiently high energies we
may actually consider the gauge field to be composed of the charged states. This picture of
a composite gauge field was developed further in [74] and was shown to lead naturally to a
mass and charge relation consistent with the Weak Gravity Conjecture. We postpone a more
detailed discussion of this picture to section 5 where it will be posed within a larger framework
of emergence.
3.3.6 Further general arguments for the Weak Gravity Conjecture
In this section we aim to highlight further arguments for the Weak Gravity Conjecture. The
electric and magnetic prefixes of the conjecture suggest that the two are related in some way,
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and so may support each other. This was argued to be the case in [5] as follows. Starting
from the electric Weak Gravity Conjecture (3.6) we can apply it to the magnetic dual field as a
constraint on the mass of a magnetic monopole
mmag ≤ Mp
g
. (3.19)
Monopoles lead to a linearly divergent field and so the monopole field must be cutoff at some
ultraviolet scale Λ. The monopole mass is then at least the energy stored in the field and so
satisfies
mmag ∼ Λ
g2
. (3.20)
Equating the two expressions (3.19) and (3.20) gives the magnetic Weak Gravity Conjecture
(3.7).
Another argument presented in [5] is that the monopole field cutoff Λ sets the monopole
radius Rmag ∼ Λ−1. One may then require that this monopole should not be a black hole, in
that case we have mmag .M2pRmag. Using (3.20) then leads again to the magnetic WGC (3.7).
It is worth noting that there are a few subtleties with these arguments. First, the monopole
field profile is taken for the monopole solution neglecting gravity, and so cannot be trusted in
the regime where the monopole is forming a black hole. Nonetheless, as order of magnitude
estimates the analysis seems sufficient. It was also noted in [34] that the monopole solution may
have internal structure such that the naive identification of the monopole radius with the inverse
cutoff of the effective theory can be incorrect. An explicit example of a Higgsed combination of
U(1) symmetries was presented.
There have been studies regarding whether 1-loop corrections from charged particles could
lead to an an inconsistency with black hole entropy [62,78,79]. The idea being that these 1-loop
effects would be very different if the particle satisfies or violates the Weak Gravity Conjecture.
While the papers found a possible problem due in the entropy for large charge black holes, it
was argued in [62,78] that this occurs in a regime where the computation breaks down. In [62]
an argument was also presented for the magnetic Weak Gravity Conjecture (3.7) related to a
Fermionic spectral density divergence.
In [80] a relation between the Weak Gravity Conjecture and a relaxation bound on perturbed
black holes was proposed.
In [81,82] a connection between the Weak Gravity Conjecture and the Cosmic Censorship
Conjecture [83] was proposed. The Cosmic Censorship Conjecture states that gravitational
collapse should lead to a singularity which is always shielded by an horizon. It was shown that
in Einstein-Maxwell theory in anti de Sitter space a violation of this conjecture could occur
unless a charged particle satisfying the Weak Gravity Conjecture is added to the theory. This
direction was extended to dilatonic black holes in [84].
3.4 The Species Scale and black hole discharge
In section 2.4 we introduced the idea of the species scale. In four dimensions it takes the form
Λs ∼ Mp√
N
, (3.21)
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with N the number of states below Λs. There are a number of general arguments in support
of Λs being the strong-coupling scale of gravity, and we will discuss these further in section 5.
There is also an argument which follows if we require a black hole to fully discharge a discrete
gauge symmetry [20], which fits in with this section. One considers a theory with N species of
bosonic fields, and an associated ZN2 discrete gauge symmetry, which can act for example as a
sign flip of each bosonic field. The fields are taken to all have equal mass m = Λs. The maximal
charge under ZN2 can be reached by forming a black hole from N such fields, any further fields
will not increase the charge. The black hole can thermally emit the fields when its temperature
is of order their mass TH ∼ Λs, at which point its mass is MBH ∼ M
2
p
Λs
. However, the maximum
number of particles, with mass Λs, that can be emitted by the black hole is
Nmax ∼ MBH
Λ
∼ M
2
p
Λ2s
. (3.22)
In order to fully discharge all the particles should be emitted back, which implies Nmax ∼ N ,
leading to (3.21).
3.5 Refinements of the Weak Gravity Conjecture
There are a number of proposed Swampland criteria which are strongly influenced by the Weak
Gravity Conjecture. They are typically proposals for constraints which are motivated by similar
arguments in nature to those of the Weak Gravity Conjecture, so for example the requirement
of discharge of extremal black holes. However, they are nearly always stronger than the Weak
Gravity Conjecture, and so usually rely on additional assumptions. In this section we review
these proposals.
3.5.1 Multiple U(1) symmetries
In the case when there are multiple U(1) symmetries, the obvious generalization is that the
Weak Gravity Conjecture should apply to each one in turn. However, it was argued in [85] that
a stronger requirement may be the relevant condition. The point is that if one considers black
holes charged under multiple U(1) symmetries, then the condition for their discharge is stronger
than the condition necessary for black holes discharge for individual U(1)s. In the case of N
U(1) symmetries, with gauge couplings ga where a runs over the U(1)s, we can define a charge
vector for particles
q ≡ (g1q1, g2q2, ..., gNqN ) . (3.23)
We also require multiple particles and so consider qi with i ranging over the set of particles,
with masses mi, that are required to satisfy the Weak Gravity Conjecture. We can define a
charge-to-mass ratio vector then as
zi ≡ qiMp
mi
. (3.24)
Now consider a black hole with charge vector Q, mass M , and whose charge-to-mass ratio is
denoted Z. Then charge and energy conservation of its decay to particles, with ni of each type
i, requires
Q =
∑
i
niqi , M ≥
∑
i
nimi . (3.25)
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Figure 14: Figure showing the charge-to-mass plane for the case of two U(1) symmetries. The
particles present in the theory are denoted by vectors z1 and z2 which define a convex hull shown
by straight lines joining the vectors. In order for extremal black holes of arbitrary charge to
discharge, the convex hull must include the unit disc. This, in particular, implies that |zi| > 1.
This is in general a stronger condition than the requirement for a black hole charged under only
a single U(1) to decay.
To see this it is useful to plot the charge-to-mass ratio vectors zi, this is done for the case of
just two U(1) symmetries in figure 14. Then the condition for an extremal black hole with an
arbitrary charge to decay is that the convex hull, constructed by straight lines between the zi
vectors, should contain the unit circle. This means that the vectors zi should actually be slightly
larger than one in magnitude. In general, for N U(1) symmetries, their magnitude should be
enhanced by a
√
N factor.
The proposal of [85] is therefore the following generalization of the Weak Gravity Conjecture
to multiple U(1) symmetries.
Weak Gravity Conjecture (multiple U(1)s) [85]
A theory with multiple U(1)s must have a spectrum of particles with charge-to-
mass ratio vectors zi, defined as in (3.24), whose convex hull includes the unit
ball.
3.5.2 The Strong Weak Gravity Conjecture
In [5] the Weak Gravity Conjecture was proposed in terms of three variants which differ by which
particle in the theory must satisfy the electric Weak Gravity Conjecture (3.6). The proposals we
• (Smallest Charge WGC) The WGC particle is the one with the smallest charge.
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• (Strong WGC) The WGC particle is the one with the smallest mass.
• The WGC particle is the one with the largest charge-to-mass ratio.
The last possibility is weaker than the Strong WGC, and is essentially the vanilla version of the
Weak Gravity Conjecture. The first possibility was ruled out with a counter example from the
heterotic string in [5], but this counter example was later found to be incorrect [7]. In [7,8] a
stronger, more detailed version of the first possibility was proposed, and we will discuss this
in section 3.5.6. In this section we will mostly focus on the second possibility, which is often
termed the Strong Weak Gravity Conjecture.
The Strong WGC would naturally justify the use of the word particle in the definition of the
electric WGC (3.6), since for example black holes are unlikely to be the lightest charged objects
in the theory. However, the arguments presented for the Weak Gravity Conjecture so far always
utilized only the charge-to-mass ratio, and this does not constrain in any way the absolute value
of the mass by itself. The primary evidence for the Strong Weak Gravity Conjecture therefore
comes from String Theory, and will be discussed in section 4. Note that whether the Strong
WGC holds or not is rather crucial for cosmological applications of the Weak Gravity Conjecture
for axions, as will be discussed in section 3.5.8.
The Strong WGC has an interesting property which is that a theory satisfying it can, at
least naively, be Higgsed down to an effective theory which violates it. This process was first
considered in the context of the axion version of the WGC, which we will discuss in section 3.5.8,
while the gauge field version was studied in [34].10 The idea is to consider a theory with two
U(1) symmetries, denoted A and B, with equal gauge coupling g, and particles satisfying the
electric WGC with charges (0, 1) and (1, 0) under the two symmetries. The WGC for multiple
U(1) implies that the mass of the particles m is bounded by m ≤ gMp. One now considers an
additional scalar Higgs field H of charge (N, 1) which obtains an expectation value v. Then one
linear combination of the gauge fields VH becomes heavy while another VL stays massless, with
VH = A+
1
N
B , VL = B − 1
N
A . (3.26)
The important point is that the normalized gauge coupling for the massless U(1) is now
gL =
g
N
. (3.27)
Let us consider the charged particles under VL. The particle which had original charges (1, 0)
now has a charge q
(1,0)
L = 1, while the particle with original charge (0, 1) has charge q
(0,1)
L = N .
The latter particle, with original charges (0, 1), is very heavy but satisfies the electric WGC. The
former particle, with charges (1, 0), can be taken lighter than the latter, but violates the electric
WGC badly m(1,0)  gLMp, for sufficiently large N . In fact, as discussed in [34], the magnetic
WGC is also violated in this theory since there is no physical cutoff scale at Λ ∼ gLMp.11 The
spectrum of fields and scales in this scenario is shown in figure 15
These arguments suggest that if the Strong and magnetic WGC holds then there should
be some obstruction to realizing such a Higgsing scenario in quantum gravity. We will discuss
10Indeed, some early proposed realisations of axion alignment, as discussed in section 3.5.8, within string theory
can be understood as Higgsing of linear combinations of 0-forms [86,87], while here we consider the 1-form version.
11Note however that in [88] this last point was challenged by arguing that the monopoles do not obey the
appropriate charge quantization conditions.
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Figure 15: Figure showing the spectrum of scales and fields in the Higgsing scenario proposed
in [34]. The Higgs field H is given a large mass, a charge (1, N) with N  1, and a vacuum
expectation value v. The resulting theory has a massive gauge field VH and a massless one
VL. The gauge coupling of the massless field gL, is very small such that both the Strong and
magnetic Weak Gravity Conjectures are violated, even though in the un-Higgsed phase the
theory satisfies them.
this in detail in string theory settings in section 4. From a more general perspective, it was
suggested in [89] that it would be strange to have a spectrum where a single field, the Higgs
field, has parametrically larger charge, of order N , than all the other charged fields in the theory.
The Higgs would also have to be parametrically super-extremal, since if its mass was of order
its charge, then it would have a mass above the cutoff of the original ultraviolet theory.
It is worth noting that the scenario of Higgsing by a large charge would also lead to a
large discrete symmetry. It is possible that a version of the Weak Gravity Conjecture can be
associated to this discrete symmetry. A general study of the relation between the Weak Gravity
Conjecture to such remnant discrete symmetries was made in [90].
3.5.3 The Weak Gravity Conjecture for dyons with θ-angles
So far we have primarily focused on electrically charged particles. We considered magnetically
charged monopoles in section 3.3.6 but as massive solitonic solutions. A theory can also contain
objects which carry both electric and magnetic charges, these are called dyons. In general, we
may write a theory where the set of fundamental particles are dyons as long as the set of dyonic
charges are mutually local. Mutual locality means that if we consider two particles with electric
and magnetic charges (q, p) and (q′, p′), then they are mutually local if
qp′ − pq′ = 0 . (3.28)
Objects which are not mutually local must be described as a particle and a soliton, like an
electric particle and a monopole soliton.
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We should consider the possibility that the Weak Gravity Conjecture particle could have
both electric and magnetic charges, so that it could be a dyon. This possibility also becomes
particularly interesting in the presence of a parity violating θ-angle due to the angle modifying
the electric charge of the dyon [91]. In [92] a general form of the Weak Gravity Conjecture was
proposed for the case where the particle is a dyon and when there can be a non-trivial θ-angle.
The formulation was also for the case of multiple U(1) symmetries. Consider the general action
S =
∫
d4x
√−g
[
R
2
+ IIJF IµνF J,µν +RIJF Iµν (?F )J,µν
]
. (3.29)
Here the index I runs over all the U(1) gauge fields, with associated electric field strengths F I .
The ? denotes the Hodge star (?F )µν = 12
µνρσFρσ with  being the Levi-Civita symbol. The
IIJ is the gauge kinetic matrix. It encodes the gauge couplings of the various U(1)s as well as
any kinetic mixing between them. The RIJ is the CP-violating θ-angle matrix. Note that if
RIJ 6= 0 the magnetic field strength G is not simply ?F but rather
GI = RIJF J − IIJ ? F J . (3.30)
It is also useful to introduce the matrix M
M≡
( I +RI−1R −RI−1
−I−1R I−1
)
. (3.31)
The electric Weak Gravity Conjecture bounds the mass of a particle by its charge (3.6). We
can then consider the bound on the mass when the particle is a dyon in the theory (3.29). To
define the charge of the particle we introduce the vector
Q ≡
(
pI
qI
)
. (3.32)
Here the pI and qI are integers which we will refer to as the magnetic and electric, respectively,
charges of the particle. However, this is a slight abuse of notation. More precisely, the charges
should be defined by measuring the flux through a sphere at infinity, as
1
4pi
∫
S∞
F I = P I ,
1
4pi
∫
S∞
?F I = QI . (3.33)
These are then related to the quantized charges through(
P I
QI
)
=
(
pI(I−1 · R · p)I − (I−1 · q)I
)
. (3.34)
We now introduce the notation
Q2 ≡ −1
2
QTMQ . (3.35)
Using this, the Weak Gravity Conjecture bound on the mass m of the particle was proposed
in [92].
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Weak Gravity Conjecture (for general action (3.29)) [92]
A theory with multiple U(1)s with a gauge kinetic matrix IIJ and θ-angle matrix
RIJ , as in (3.29), should have a particle with mass m satisfying the bound
Q2M2p ≥ m2 , (3.36)
with Q2 defined as (3.35).
A first check on (3.36) is that in the case of an electrically charged particle under a single
U(1) we have Q2 = 2g2q2, which reduces to (3.6). Another check is that the inequality (3.36)
matches the statement that gravity should be the weaker of the forces acting on the particle, as
in section 3.3.4. Here Q2 is the strength of repulsion between two such particles (see [93, 94]
for useful texts), and m2 is the attraction. The condition of black hole discharge, as in section
3.3.4, can also be naturally applied. Dyonic black hole solutions to the action (3.29) satisfy an
extremality bound M2ADM ≥ Q2M2p (see [95] for a review). However, which particles are needed
for the discharge of black holes in the general action (3.29) is more complicated to determine.
We postpone a discussion of this to section 3.5.4 where a further generalization of the action
(3.29) will be discussed.
3.5.4 The Weak Gravity Conjecture with Scalar Fields
The analysis of the Weak Gravity Conjecture so far has involved conditions only on gravity and
gauge fields. It is interesting to consider how it should be modified by the presence of scalar
fields. For the case of scalar fields with no potential, this was studied in [92]. One considers an
extension of the action (3.29) to include scalar fields
S =
∫
d4x
√−g
[
R
2
− gij (t) ∂µti∂µtj + IIJ (t)F IµνF J,µν +RIJ (t)F Iµν (?F )J,µν
]
. (3.37)
The ti denote scalar (or pseudo-scalar) fields, whose expectation values parameterize a moduli
space with metric gij . All of the kinetic terms for the fields, gij , IIJ and RIJ are allowed to
be functions of the scalar fields ti. Importantly, also the mass of the Weak Gravity Conjecture
particle m is allowed to be a function of the scalars. It was then proposed that this leads to a
new contribution to the Weak Gravity Conjecture bound.
Weak Gravity Conjecture with Scalar Fields (for general action (3.37)) [92]
A theory with scalar fields ti, which have no potential, with general action as in
(3.37), should have a particle with mass m (t) satisfying the bound
Q2M2p ≥ m2 + gij (∂tim) (∂tjm)M2p , (3.38)
with Q2 defined as (3.35).
The most straightforward motivation for (3.38) comes from the bound states argument as in
section 3.3.4. Recall, that this involved demanding that the repulsive force should be stronger
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than the attractive one on the particle with the largest charge-to-mass ratio in the theory. In
the presence of massless scalar fields the particle may couple also to the scalars and this would
lead to an additional attractive force. The strength of this additional force is then accounted for
by the last term in (3.38). So that the inequality is now directly stating that two Weak Gravity
Conjecture particles should be self-repulsive rather than self-attractive.
We will refer to the scalar mediated force a number of times in this review, and so it is useful
to discuss its derivation. Consider a canonically normalized scalar field φ which couples to a
scalar particle h, with mass m0, through the interaction
L ⊃ (2m0µφ+m20) |h|2 . (3.39)
Here µ is a constant defining the interaction strength, and we have taken, with full generality, φ
to have vanishing vacuum expectation value 〈φ〉 = 0. We can now consider the ‘general’ mass
term m for h as the function in the effective Lagrangian which multiplies |h|2, so as given in
(3.39). Then we have
∂φ
(
m2
)
= 2m∂φm = 2m0µ . (3.40)
Evaluating this in the vacuum we see that the interaction strength µ is just the derivative of the
mass term for h evaluated in the vacuum
µ = 〈∂φm〉 . (3.41)
It is simple to check that the same expression (3.41) is true for a Fermionic particle h. More
non-trivial is that (3.41) also gives the relevant coupling for our purposes if φ was a pseudo-scalar
(see [96] for a discussion on this). The 3-point coupling φ |h|2 gives rise to a long-range Coulomb
attractive self-force for h mediated as an exchange of φ. This force takes the form (see, for
example [97])
FScalar =
µ2
4pir2
. (3.42)
Comparing the scalar mediated force (3.42) with the gravitational and electromagnetic forces
(3.18), we see that (3.38) indeed captures their relative magnitude. This is illustrated in figure
16.
Black hole discharge with scalar fields
The Weak Gravity Conjecture was motivated by the discharge of black holes. These black
holes were Reissner-Nordstrom type. In the case where there are also scalar fields involved
the black hole solutions can be modified, including their charge-to-mass ratio and extremality
bound. This is because black holes may develop so-called secondary scalar hair, which means
the solution, including the horizon, is sensitive to the values of scalar fields indirectly through
their appearance in the gauge couplings of gauge fields. This is a very well studied effect, often
termed the Attractor Mechanism, see [95] for a review. The mechanism is typically studied for
N = 2 supersymmetric solutions, for general reasons that will be discussed below, but actually
holds also in the absence of supersymmetry. Indeed, it is possible to show that extremal black
hole solutions to the action (3.37) satisfy the following relation [95,98]
Q2 = M2ADM + gij (∂iMADM) (∂jMADM) . (3.43)
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Figure 16: Figure showing the long-range forces acting on the Weak Gravity Conjecture
particle and the associated Feynman exchange diagrams. The repulsive electromagnetic force is
mediated by the gauge field Aµ and acts with strength Q2, the attractive gravitational force
is mediated by the graviton hµν and acts with strength m
2, and the attractive scalar force is
mediated by a massless scalar φ with strength µ2. The Weak Gravity Conjecture (3.38) is then
the statement that the repulsive force should be at least as strong as the sum of the attractive
forces.
Note that since the scalar fields may have a spatially varying profile, we should specify that
(3.43) holds at infinity. Indeed, on the extremal black hole horizon the scalar fields are fixed to
their attractor values such that they solve ∂jMADM = 0 [98]. The equation (3.43) is analogous
to (3.38), suggesting a connection to discharge of black holes. However, obtaining the precise
requirement on particles in order for black holes to discharge in generality is not simple. In
particular, the dependence of the black hole mass MADM on the scalar fields may in general be
different to the dependence of the particle mass m, in which case it is difficult to establish a
direct relation between the black hole statement (3.43) and the particle one (3.38). Nonetheless,
the analogy between (3.43) and (3.38) is certainly strong motivation for the validity of (3.38),
especially once we note that the form of (3.38) is almost uniquely fixed by requiring invariance
under scalar fields reparameterisation and electric-magnetic duality.
For simple black holes it is possible to study the condition for discharge quite explicitly. A
simple black hole solution is the so-called dilaton black hole [99]. We will actually consider a slight
variant where the action will have two symmetries U(1)0 and U(1)1 (see, for example [100]). It
is a restriction of the general action (3.37) to two decoupled U(1)s, with related gauge couplings,
and a single (canonically normalized) scalar field φ. Specifically, we take
I00 ≡ − 1
4g20
= −e−2φ , I11 ≡ − 1
4g21
= −e2φ , R00 = R11 = 0 . (3.44)
We consider a black hole with purely electric charges q0 and q1. Note that the gauge couplings
are inversely related. This means that we could actually map the electrically charged black hole
solutions with two U(1)s to dyonic black hole solutions with just one U(1). The analysis in this
section can be viewed in terms of either of these pictures. With this choice of charges, the black
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Figure 17: Figure showing the charge-to-mass plane for dilaton black holes. The convex-hull
shape, relevant for discharge, is modified compared to Reissner-Nordstrom black holes depicted
in figure 14. This means that particles with charge-to-mass ratios, depicted by z1 and z2, which
are the same as those of an extremal black holes are sufficient to allow for discharge.
holes have the explicit expressions
Q2 = 2 (q20g20 + q21g21) , MADM = q0g0 + q1g1 , ∂φMADM = q0g0 − q1g1 . (3.45)
An interesting property of (3.45) is that the black hole mass is a linear function of the charges.
If we plot the charge-to-mass ratio for such extremal black holes it no longer takes the form of a
unit circle, as was the case for Reissner-Nordstrom black holes considered in section 3.5.1, but
rather is a diamond. The convex hull condition for the discharge of the black hole then takes a
different form. This is illustrated in figure 17.
At infinity, the scalar field φ is a free parameter and the relation (3.43) indeed holds for
all values of φ. As we vary φ the charge-to-mass ratio of the extremal black hole varies but is
bounded
2 ≥ Q
2
M2ADM
≥ 1 . (3.46)
On the black hole horizon the scalar is fixed such that
g1
g0
∣∣∣∣
Horizon
=
q0
q1
. (3.47)
A special type of black holes are ones where the scalar values are chosen at infinity to be equal
to those on the horizon, these are called double extremal black holes [101]. Restricting to such
black holes then fixes
Q2 = q0q1 , MADM = √q0q1 , ∂φMADM = 0 . (3.48)
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Double extremal black holes are such that their mass is completely fixed in terms of the quantized
charges. They also minimize the charge-to-mass ratio such that the lower inequality in (3.46) is
saturated.
It is interesting to consider the case where q1 = 0. Such black holes are not actually well
understood because the horizon value of the gauge coupling cannot be finite (3.47). We may
nonetheless proceed, probing the black hole from infinity. This is the setup studied in [7]. In
such cases we maximize the charge-to-mass ratio (3.46) so that
Q2 = 2M2ADM . (3.49)
It is important to note that there is a factor of 2 difference from the Reissner-Nordstrom case,
as used in (3.36). More generally, if we consider a dilatonic coupling like e−δφF 2, and generalize
to d-dimensions, then one finds [7, 99]
Q2 = 2
(
d− 3
d− 2 +
δ2
2
)
M2ADM . (3.50)
The case (3.49) is for d = 4 and δ = 1, while the Reissner-Nordstrom case is for δ = 0. It was
therefore proposed in [7] that the Weak Gravity Conjecture particle should satisfy the bound
(3.50) on its charge-to-mass ratio.
Weak Gravity Conjecture in d-dimensions with dilaton [7]
A d-dimensional theory with a U(1) whose gauge coupling is given by a dilaton
g2 = eδφ, should have a particle with mass m and charge q satisfying the bound
g2q2M2p ≥
(
d− 3
d− 2 +
δ2
2
)
m2 . (3.51)
Because the gauge coupling depends on φ exponentially, it is natural to expect that the
mass of the Weak Gravity Conjecture particle should also depend on φ exponentially, with an
exponent at least as large as the gauge coupling. Otherwise for sufficiently large φ one could
make the charge smaller than any finite mass m. In that case, it is simple to check that (3.38) is
indeed satisfied, at least for weak coupling g  1. However, as mentioned earlier, proving that
(3.38) is necessary for black hole discharge at strong coupling g ∼ 1, or for non-dilatonic black
holes, is much more difficult. This was noted already in [92], and more recently elaborated upon
in [102].
Arguments from dimensional reduction
Another motivating argument for (3.38) comes from classical dimensional reduction [96]. Consider,
for example, a 5-dimensional theory
S5D =
∫
M4×S1
d5X
√−G
[
1
2
R(5) − 1
4g25
FMNF
MN −DMH
(
DMH
)∗ −M2HHH∗] . (3.52)
The 5-dimensional gauge field is AM , with gauge coupling g5, There is a charged scalar H, with
charge q and mass MH , which acts as the Weak Gravity Conjecture particle and so satisfies
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(2.115)
g5q ≥
√
2
3
MH . (3.53)
If we reduce this theory on a circle, then we get an effective 4-dimensional action for the zero
modes
S04D =
∫
M4
d4x
√−g
[
1
2
R+ IIJF IµνF J,µν −
1
2
(∂ϕ)2 − 1
2r2g25
(∂a)2 − |Dh|2 −m2h∗h
]
. (3.54)
The 4-dimensional fields are the dilaton ϕ, an axion a, a complex scalar h, the graviphoton Aµ0 ,
and the zero mode of the gauge field Aµ1 . The dilaton measures the circumference r of the extra
dimension
r = e
−
√
2
3
ϕ
. (3.55)
The covariant derivative of the scalar field is given by
Dµh =
(
∂µ − iqA1µ
)
h , (3.56)
where q is its charge, and the mass is given by
m2 =
M2H
r
+
q2a2
r3
. (3.57)
The gauge kinetic matrix reads
IIJ = − r
4g25
(
r2g25
2 + a
2 −a
−a 1
)
,
(I−1)IJ = − 8
r3
(
1 a
a
r2g25
2 + a
2
)
. (3.58)
The 4-dimensional theory has scalar fields which couple to the Weak Gravity Conjecture particle
and so we should therefore consider the bound (3.38) which reads
2M2Hr
3
(
a2q2 +M2Hr
2
) (3g25q2 − 2M2H) ≥ 0 . (3.59)
This precisely reproduces the 5-dimensional bound (3.53). We find that the proposal for the
Weak Gravity Conjecture with scalar fields is matched onto the Weak Gravity Conjecture without
scalar fields in one dimension higher. This connection forms a motivation for the proposal (3.38).
Relation to N = 2 supersymmetry
The analysis so far as been classical in nature. Once we include quantum corrections it is clear
that the conjecture (3.38) can only apply in rather special circumstances. This is because the
conjecture applies in situations where the scalar fields have no potential. However, since the
fields must couple to at least the Weak Gravity Conjecture particle, at loop level they will
generically obtain a potential. The exception to this generic rule is the case where there is an
extended N = 2 supersymmetry (or more generally 8 supercharges). Such setups have scalar
fields with no potential which therefore form a true moduli space. It is therefore expected that
any statements involving scalar fields with no potential are only exact in the case of extended
supersymmetry, and in other scenarios should be thought of as a classical leading order result
that would need to be modified in some way once the scalar fields obtain a potential.
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The case of N = 2 also has natural candidates which satisfy, and saturate, the conjecture
(3.38). These are BPS states. In the case of extended supersymmetry one can define a central
charge which is a function that depends on the charge of a state Z (q), and on the scalar fields
in the vector multiplets (see section 4 for an introduction). Then charged states in the theory,
with charge q, have a lower bound on their mass
M ≥ |Z (q)| . (3.60)
We will discuss the properties of BPS states and the Swampland in more detail in section 4.
For now we note that they saturate the bound (3.38), but importantly, non-BPS states may
still satisfy (3.38). Therefore, the Weak Gravity Conjecture particle may not be a BPS state.
From the perspective of forces and bound states this is apparent. Note, however, that black
holes can themselves be BPS states.12 And it is a general result (see section 4) that BPS states
can only decay to other BPS states. So from the perspective of BPS black holes discharge the
appropriate particle must be BPS. On the other hand, there are BPS black holes which simply
cannot discharge. More generally, any BPS states charged under multiple U(1)s with some
co-prime charges, can only decay to other BPS states over special loci in moduli space (so-called
curves of marginal stability). Away from such loci, there are many BPS states, including black
holes, which are absolutely stable. It is therefore not clear how black hole discharge should be
interpreted in the case of N = 2 supersymmetry. See, for example, [5, 92] for a discussion of
such issues.
Massive generalizations
In the case without extended supersymmetry one expects all scalars to gain some potential (see
section 6.1). Then it is not clear how (3.38) should be generalized. One proposal was made
in [96]. The idea is to apply the bound states argument for a Yukawa type force for the scalar.
Since such a force becomes trivial at distances much larger than the mass of the scalar, any
bound states due to a scalar force would only be (quantum mechanically) meta-stable. It is
unclear whether these should be forbidden. In any case, it is simple to implement the absence of
meta-stable bound states. We can write (3.38) for a single massless scalar field φ, with coupling
µ = ∂φm, as
Q2M2p ≥ m2 + µ2M2p (3.61)
Giving the scalar a mass mφ, but taking it to be much smaller than that of the Weak Gravity
Conjecture particle mφ  m, and placing the two particles at the minimal distance where a
classical force analysis is a decent approximation, set by the m−1, the Yukawa force amounts to
a replacement in (3.61) of
µ2 → µ2 −O
(
µ2mφ
m
)
. (3.62)
This therefore, assuming the reasoning of the argument, sets the magnitude of the correction to
the expression (3.61).
12In N = 2 supergravity BPS black holes are automatically extremal, but extremal black holes may or may not
be BPS.
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Relation to UV/IR mixing and naturalness
The additional term in the Weak Gravity Conjecture in the presence of scalar fields (3.38)
naturally raises the interesting limit where scalar force term cancels the gauge force term. The
physics of this limit was studied in [96]. If we consider a single electrically charged particle of
charge one, and a single massless real scalar φ with kinetic terms 12 (∂φ)
2, we may write (3.38)
as13
2
(
g2 − µ2)M2p ≡ β2M2p ≥ m2 , (3.63)
with µ defined as in (3.41). The limit of interest is the β → 0 limit while keeping g, and therefore
µ, finite. This limit, if it exists in the parameter space of the theory, is interesting because it
implies a small mass m, but keeps the ultraviolet cutoff scale due to the magnetic Weak Gravity
Conjecture gMp parametrically higher. It therefore suggests a form of ultraviolet-infrared
(UV/IR) mixing where quantum gravity physics requires a particle much lighter than the cutoff
scale of the effective theory.
The limit becomes even more interesting once we note that if g2 ∼ µ2 < β then a hierarchy
g ∼ µ β is technically natural [96]. So loop corrections from an arbitrary high mass sector do
not necessarily destabilize the hierarchy of scales between the mass of the particle and the cutoff
scale of the theory. Such a situation would be at odds with our ideas on naturalness. In this sense,
the Weak Gravity Conjecture may shed light on the hierarchy problem by suggesting that our
ideas about technical naturalness may be misleading because we assume a generic unconstrained
ultraviolet completion, while it may be that the ultraviolet is constrained such that it does not
disturb the hierarchy. Interestingly, the setup also has a smoking-gun experimental signature,
specifically that if a particle is unnaturally light than we should also find that its coupling to
scalar and gauge fields is almost precisely identical.
In order to realize such scenarios in a realistic setting there are two main difficulties to
overcome. Firstly, we would need to understand the physics of the scalar φ. The inequality
(3.63) is only true in the case when φ is precisely massless. It can be checked that, since φ need
only couple to the Weak Gravity Conjecture particle, its mass can naturally be much lower.
This suggests that an appropriately modified, to account for a small mass, inequality should
still hold. Another question is whether there could be an obstruction to the limit β → 0 while g
finite. In N = 2 supergravity we know of explicit examples in string theory where this limit
is possible, specifically the conifold locus, but perhaps in the absence of supersymmetry this
region of parameter space is obstructed.
Both of these issues may play a role in understanding how the Weak Gravity Conjecture
(3.38) is compatible with our notion of naturalness. But then they would raise further questions,
such as why is the naturalness of the mass of a charged field dependent on the mass of some
neutral scalar. And why would there be an obstruction to a particle having almost equal coupling
to gauge and scalar fields. Perhaps it is the Weak Gravity Conjecture which must be violated in
such settings, but then the question arises as to the consistency of the stable gravitationally
bound states. In any case, it seems that the issues raised in [96], regarding the limit β → 0,
require some interesting new physical insight.
13Note that here we correct an unimportant factor of 2 missing in [96].
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3.5.5 Scalar Weak Gravity Conjecture
The Weak Gravity Conjecture with scalar fields (3.38) is partially motivated by the contribution
of a scalar force (3.42). The original conjecture [5] was stated as the idea that gravity should be
the weakest force acting on at least one particle in the theory. It is natural to contemplate the
idea that this should remain the case even when there are scalar forces acting on the particle.
This leads to a Scalar Weak Gravity Conjecture proposed in [92].
Scalar Weak Gravity Conjecture [92]
A theory with massless scalar fields ti, whose kinetic terms are as in (3.37),
should have a state with mass m satisfying the bound
gij (∂tim) (∂tjm)M
2
p > m
2 . (3.64)
Note that (3.64) is stated with a strict inequality. The presence of massless scalar fields
again naturally ties to N = 2 supersymmetry, and therefore we may look there for an initial
motivation. Indeed, it was shown in [92] that (3.64) is satisfied by BPS states. More precisely,
there is at least one BPS states for every scalar field in a vector multiplet which satisfies (3.64).
We will show this in section 4.6.
In [92] two slightly different versions of (3.64) were proposed. One was that it should hold for
the Weak Gravity Conjecture particle, so the one which is also charged under a U(1) symmetry.
This is actually a milder statement than (3.64), and is better motivated. For example, by
the BPS argument above. Also, while as a self-force a scalar always mediates an attractive
interaction, between different states a scalar interaction can be repulsive. This lead to some,
though not very strong, arguments for this milder version of (3.64) in terms of bound states.
The stronger version of (3.64) is as stated above, that it should hold for any scalar field. This
has no arguments from black hole discharge or absence of stable bound states, and so is on
weaker footing in this sense. It is also quite likely that if that is to be the case, then the
conjecture should be refined slightly such that the state that the scalar field couples to need not
in general be a particle, but possibly an extended object. With the mass derivative replaced by
the appropriate coupling strength relating to the tension. This is because scalar fields do not
have a canonical dimension for the object that they couple to. We will discuss this form the
perspective of string theory in more detail in section 4.
Another motivation for (3.64) is that it relates nicely to the Swampland Distance Conjec-
ture. We will discuss this in more detail in section 3.6.1. This relation, however, holds most
straightforwardly at large distances in field space and so does not support (3.64) everywhere in
field space. And, again, it naturally implies that the state the scalar should couple to may be
extended in nature.
In [96] the behaviour of the Scalar Weak Gravity Conjecture under dimensional reduction
was studied, and it was also suggested that the limit where the left hand side of (3.64) tends to
zero should be associated to a lowered cutoff scale. In [102] it was shown that in six dimensions
the tower of states associated to the distance conjecture does not satisfy the Scalar Weak Gravity
Conjecture, although there may be other states which do. This suggests that away from four
dimensions the conjecture may need to be modified with some appropriate factor dependent
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Figure 18: Figure showing the increasing mass scales associated to U(1) charges as dictated
by the Weak Gravity Conjecture (3.6). The spectrum of charged states on the left respects
the Completeness Conjecture and the Weak Gravity Conjecture. The spectrum on the right
respects a tower version of the Weak Gravity Conjecture.
on the number of dimensions. Or simply that it should only hold up to order-one factors.
In [103] a version of the Scalar Weak Gravity Conjecture was proposed which involved the
second derivative of the mass.14 The conjecture was also applied to the scalar itself, which lead
to constraints on its potential.
3.5.6 Tower versions of the Weak Gravity Conjecture
Already in the first encounter with the Weak Gravity Conjecture in section 2.3.2 we saw that
the magnetic Weak Gravity Conjecture scale was associated with the mass scale of an infinite
tower of states, in that case they were Kaluza-Klein and Winding towers. In fact, each state
in those towers satisfied the electric Weak Gravity Conjecture. There are proposals that this
may be general, so there should be (formally infinite) towers of states, with increasing charges
and masses, which satisfy the Weak Gravity Conjecture [7–9,31,70,104]. The proposals differ
slightly by some properties of the tower, and we will only discuss the cases of [7,8,105] and [104]
in this section. The proposal of [31] is better studied in the context of string theory in section 4.
The towers will play a central role in section 5.
The existence of towers of charged states is similar to the Completeness Conjecture discussed
in section 3.2. The conjecture would imply an infinite number of states filling the whole lattice
of U(1) charges. However, this places no constraints on the mass of the states. The tower
conjectures all require that the mass of the states is restricted by their charge. This is illustrated
in figure 18.
14See also [92] for a similar suggestion.
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The first proposal of a tower version of the Weak Gravity Conjecture was made in [7]. This
was termed the Lattice Weak Gravity Conjecture. It was later adjusted to a Sub-Lattice Weak
Gravity Conjecture [8, 70]15
Sub-Lattice Weak Gravity Conjecture [7] (refined to sub-Lattice in [8, 70])
In a gauge theory with (possibly multiple) U(1)s, coupled to gravity, any spot on
a charge sub-Lattice contains a super-extremal particle.
Here super-extremal means particles whose charge is larger than their mass, which in our
notation means in general (3.36), or for simpler setups (3.6). The full lattice of charges are all
the charges consistent with Dirac quantization. A sub-Lattice of that may have some spaces
missing, while still retaining the lattice structure, which means adding the charges of any two
populated sites gives a charge which is itself populated by a state.
We will present evidence for, and against, the conjecture from string theory in section 4.16
A general argument for the conjecture was presented in [7,8] based on dimensional reduction.
The idea is to consider how the Weak Gravity Conjecture for multiple U(1)s, discussed in
section 3.5.1, behaves under dimensional reduction. In particular, we would like to consider the
particle spectrum required for the discharge of black holes in the lower dimensional theory which
are charged under a U(1) arising from the higher dimensional theory as well as the Kaluza-
Klein U(1) coming from the graviton component along a circle reduction. Using appropriate
definitions of charges and masses, as in [7, 8], we can plot the spectrum of charge-to-mass ratios
for such extremal black holes as the unit circle, similar to figure 14. The zero mode of the
particle satisfying the Weak Gravity Conjecture in the higher dimensional theory will lead to a
super-extremal state in the theory, with mass m0, and charge-to-mass ratio z0 ≥ 1. There will
then also be all the Kaluza-Klein modes of that particle, whose charge-to-mass ratio we denote
zn, with n being the KK number. The pure KK modes, charged only under the KK U(1), are
exactly extremal and so lie on the unit circle.17 The spectrum of charged states therefore sit on
an ellipse as depicted in figure 19. The points on the ellipse become infinitely dense near the
pure KK charged limit, and are most sparse near the zero mode. The point is now to consider
the convex hull formed by these charged states. If we consider the case z0 = 1, so the zero mode
sits also on the unit circle. Then it is clear that the convex hull can never contain the unit circle.
More generally, it was shown in [7] that the requirement for the convex hull to contain the unit
circle reads
(m0R)
2 ≥ 1
4z20
(
z20 − 1
) , (3.65)
where R is the radius of the circle. The point is then that for sufficiently small R, the bound
(3.65) can be violated. This can be avoided by positing that there should also have been a tower
of charged states in the original higher dimensional theory. This means that the spectrum of
charged states would take the form (n,m) with n,m ∈ Z, rather than (q0,m) where q0 is the
integer associated to the charge of the higher dimensional particle. Such a spectrum of charged
states would form an infinitely dense set of points all along the ellipse, which can be seen by
15The refinement to a sub-lattice due to the presence of a discrete symmetry was noted first in the context of
instantons [105,106].
16Note that in [107] a counter-example to the conjecture was proposed in four dimensions.
17More precisely, as seen in sections 2.3 and 3.5.4, they saturate the bound (3.38), or its simpler version (3.51).
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Figure 19: Figure showing the top-right quadrant of the charge-to-mass plane for the zero
mode of a higher dimensional U(1), denoted U(1)0, along with the Kaluza-Klein U(1)KK . The
charged black holes fill the unit circle. On the left we show the spectrum of charged states
composed of a single higher dimensional state leading to a zero mode with charge-to-mass
ratio z0, along with all its KK modes. The convex hull, shown by a green line connecting the
states, fails to contain the unit circle for sufficiently small extra-dimensional circle radius R. On
the right we depict the spectrum when there is a full infinite tower of super-extremal higher
dimensional states with increasing charges, as in the sub-Lattice Weak Gravity Conjecture. In
this case, the convex hull contains the unit circle for any value of R.
the symmetry between the two U(1)s, and therefore contain the convex hull for any value of R.
This is illustrated in figure 19. It is important to note however, that we cannot expect to trust
the analysis for arbitrarily small radius R, which is the limit required to argue for an infinite
tower of states. Indeed, the electric Weak Gravity Conjecture bound on m0 is already expected
to be near the magnetic Weak Gravity Conjecture cutoff scale of the theory, and so one expects
an approximate constraint m0R & 1. On the other hand, we may demand that even marginal
black hole decay z0 → 1 should be stable under dimensional reduction.
In [104] another argument was presented for a necessary tower of particles satisfying the
Weak Gravity Conjecture. The idea is to consider properties of higher derivative terms in the
action, similar to the approach discussed in section 3.3.3. Then under the key assumption that
those terms should arise primarily from integrating out charged states, it was argued that the
dominant contribution should come from states which satisfy the Weak Gravity Conjecture.18
This lead to a Tower Weak Gravity Conjecture which posits the tower of super-extremal
particles, but that they need not necessarily form a lattice of charges, differing in this respect
from the Lattice Weak Gravity Conjecture.
18It is interesting to note that the assumption of integrating out the tower of states being the dominant
contribution to an operator matches nicely the emergence proposal discussed in section 5 [108].
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3.5.7 The Weak Gravity Conjecture for p-forms
The U(1) gauge symmetries we have been considering are associated to a vector field Aµ
transforming as δAµ = ∂µλ for some scalar gauge parameter λ. More generally, we may consider
anti-symmetric tensors of rank p, C
(p)
[µ1µ2...µp]
, which transform as δC
(p)
[µ1µ2...µp]
= ∂[µ1λ
(p−1)
µ2...µp]
.
Here, as elsewhere in the review, the square brackets means anti-symmetrization. In this sense
gauge fields are 1-form symmetries. A p-form field couples naturally to a p − 1 dimensional
object through the canonical pairing induced by integrating a p-form over the world-volume of
the object ∫
Wp
C
(p)
[µ1µ2...µp]
dx[µ1µ2...µp] . (3.66)
Recall that the world-volume has one more dimension, due to time, than the spatial dimension
of the object. In four spacetime dimensions, the relevant objects and form fields are shown in
table 3.1.
Object p Field Notation Field Name Dual
Instanton 0 C(0) ≡ a Axion 2-form
Particle 1 C
(1)
µ ≡ Aµ Gauge field Gauge field
String 2 C
(2)
[µν] ≡ Bµν 2-form Axion
Domain wall 3 C
(3)
[µνρ] ≡ Cµνρ, 3-form (non-dynamical) “Potential”
Table 3.1: Table showing the different dimensional objects that can exist in four spacetime
dimensions, the form fields they couple to, and the dual fields.
Each field has a magnetic dual field, which offers a dual description of the same physics.
The type of the dual field can be obtained by acting with the Hodge star on, or in tensor form
contracting with the Levi-Civita tensor µνρσ, the field strengths. More precisely, it is better
defined as the variation of the action with respect to the original field (which for any dynamical
field always contains the Hodge star dual from the kinetic terms). A particularly interesting
case is for p = 3, since the field strength is a 4-form which gives a scalar dual field strength.
This shows that a 3-form is non-dynamical, since a scalar cannot be the field strength of a field,
but it is still a useful field to consider as a way to write potentials. We will discuss this in more
detail in sections 4 and 5.
In [5] the Weak Gravity Conjecture was proposed to hold for general p-forms in a general
number of dimensions d. We define the analogue of the gauge coupling gp for general p-form
field through
L ⊃ 1
2g2p
∣∣∣F (p+1)∣∣∣2 , (3.67)
with F
(p+1)
µ1...µp+1 ≡ ∂[µ1C(p)µ2...µp+1], and
∣∣F (p+1)∣∣2 = 1(p+1)!Fµ1...µp+1Fµ1...µp+1 . Then in [7] a precise
formulation of the Weak Gravity Conjecture in terms of the charge and mass of black p-branes
in d dimensions was worked out.
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Weak Gravity Conjecture for p-forms in d-dimensions [5, 7]
A d-dimensional theory with a p-form field with kinetic terms (3.67), should
have a p− 1-dimensional object with (quantized) charge qp and tension Tp satisfying
p (d− p− 2)
d− 2 T
2
p ≤ q2pg2p
(
Mdp
)d−2
. (3.68)
The case for axions p = 0 in (3.68) is special, and is also the most widely studied, and we
discuss it in the next section.
3.5.8 The Weak Gravity Conjecture for axions
The axion-instanton case p = 0 is not covered by (3.68), but can be argued for by dimensional
reduction, as well as other methods, see for example [5, 109–112]. The notation is usually to
denote the coupling for axions in terms of an axion decay constant f , the tension of the instanton
as the action S, and the instanton number as q, so in the effective action one has the terms
L ⊃ −f2 (∂a)2 + Λ4
∑
q
e−qS (1− cos qa) , (3.69)
where Λ is some appropriate mass scale. The axion periodicity is then a ∼ a+ 2pi.
Weak Gravity Conjecture for axions [5]
An axion with decay constant f must couple to instantons with action S, such
that
fS ≤Mp . (3.70)
The constraint (3.70) has an interesting direct consequence. It imposes constraints on the
instanton action S and therefore on the potential of the axion. More precisely, it implies a
bound on the size of monotonic regions in the axion potential, so regions in axion field space
where the potential behaves monotonically in the axion expectation value. Since the action S
controlling the instanton expansion is bounded by f−1, if we try to increase f  1 then the
instanton expansion in (3.69) becomes increasingly badly behaved in the sense that considering
only the leading instanton is a bad approximation for the total axion potential. Including also
higher instantons implies that while the overall periodicity of the axion potential is set by 2pif ,
and can be made large with f  1, the magnitude of monotonic regions in the potential remains
approximately constant. This is shown in figure 20.
The obstruction of large monotonic regions in the potential due to the axionic Weak Gravity
Conjecture (3.70) has lead to significant interest in it as a constraint on model of large-field
inflation. We will discuss this in section 3.6.3. For now we just note that one could consider
the possibility of suppressing the higher instantons by more than just the exponential factor,
so taking the scale Λ in (3.69) to depend on q in such a way that it is suppressed for higher
instantons [113]. Though this would have to be model-dependent and also is unlikely to allow
for parametrically large monotonic regions.
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Figure 20: Figure showing the potential for axions with different decay constants f . The first
4 instantons in the infinite expansion (3.69) are included, and the action S is taken to saturate
the Weak Gravity Conjecture bound (3.70). The overall periodicity of the axion is set by 2pif ,
but the maximum size of monotonic regions remains approximately constant and O (1) for any
f .
There are also other consequences associated to the bound (3.70). In particular, axion
potentials with large decay constants must have a magnitude which is of order Λ4. This means
that if we wish to describe the axion field in an effective theory, the energy density of its
potential would have to be near the physics which sets the scale Λ. This typically leads to
control problems in explicit examples. Indeed, in string theory, the region in parameter space
with f  1 is typically plagued with control issues. This lead to a proposal that it is not
possible to reach f  1 for string theory axions [114].19 There have been many studies related
to this idea [7, 8, 26, 86, 105,106,109,111,115–149], some of which we will discuss in more detail
in section 4.
In the case of the gauge field Weak Gravity Conjecture, there existed black hole solutions
charged under the symmetry. In the case of the axionic Weak Gravity Conjecture we can also
consider extended semi-classical solutions that are charged (under the magnetic dual two-form,
see table 3.1). The original study of these was in [150]. Some early work on such solutions in
string theory is [151], and see [148] for recent work. There is a detailed recent review [26] on
these objects and their relation to the Weak Gravity Conjecture, so here we can be brief. These
are solutions to the Euclidean action with metric of the form
ds2 =
(
1 +
C
r4
)−1
dr2 + r2dΩ23 . (3.71)
Here C is some constant which is calculable given a particular action. There are 3 classes of
solutions which can be classified according to the sign of C.
19Historically, this evidence for the axionic Weak Gravity Conjecture preceded, and was very much an influence
on, the formulation of the gauge field Weak Gravity Conjecture.
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• C < 0 : These are smooth wormhole solutions sometimes termed ‘gravitational instantons’.
The total wormhole carries no charge under the dual two-form, but each end does. These
solutions exist for just gravity and an axion, and also in the case of an additional dilaton
φ.
• C > 0 : These are singular solutions, sometimes termed ‘cored gravitational instantons’.
They carry charge under the dual two-form. The solutions only exist if there is a dilaton
field φ.
• C = 0 : These are smooth solutions, sometimes termed ’extremal gravitational instantons’.
They carry charge under the dual two-form. The solutions only exist if there is a dilaton
field φ, and this field diverges at their core.
These solutions are related to instantons in a similar way that charged black holes are related
to charged particles. Here, by instantons we do not mean the well-known gauge-theory instanton
solutions that are present for non-Abelian gauge groups but some gravitational objects. They
are best understood in the context of a quantum theory of gravity, and indeed have clear and
well-studied meaning in string theory where they can be thought of as branes wrapping cycles
in extra dimensions, see section 4. Such an instanton may have charge of order one, while the
extended solutions described above must have very large charges. This distinction between the
microscopic instantons and the extended solutions is important since it is the former which
have smallest action and should therefore be the leading contribution to the axion potential.
Nonetheless, their relation has lead to studies of the contribution of the gravitational instanton
solutions to axion potentials [105,139].
Also, analogously to how the Weak Gravity Conjecture for gauge fields can be determined
from the charge-to-mass relation for charged black holes, the axionic Weak Gravity Conjecture
may be related to the extended gravitational instantons solutions [7]. Indeed, the charged
solutions required the presence of a dilaton, and therefore one should consider a general dilaton-
modified version of (3.51), which reads [7][
α2
2
+
p (d− p− 2)
d− 2
]
T 2p ≤ q2pg2p
(
Mdp
)d−2
, (3.72)
where α is the appropriate dilatonic coupling. This now allows for the case p = 0, which was
then proposed as the relevant Weak Gravity Conjecture for axions with a dilaton.
Multiple axions
The gauge field Weak Gravity Conjecture for multiple gauge fields was studied in sections 3.5.1
and 3.5.2. The same considerations apply naturally to the axionic Weak Gravity Conjecture
(3.70), and were first studied in [86, 106, 109, 110, 120]. We may consider N axions ai with
i = 1, ..., N . These will in general have kinetic mixing, and so we can define the canonically
normalized orthogonal axions as φi. Following this diagonalization, many φi may appear in each
instanton, and so we consider the general potential
V ∼ Λ4
∑
a
Aae−Sa cos
∑
j
φj
faj
 . (3.73)
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Figure 21: Figure showing a two-dimensional axion field space with periodicities 2pif1 and
2pif2. The path in red is a linear combination of the axions which is closely aligned to one of
them such that it is only periodic after multiple excursions of the periodicity 2pif1.
Here the index a runs over the instantons contributing to the action, the Aa and faj are defined
as in (3.73), for canonical φi, and we have considered only the leading instantons in the instanton
sum. The generalization of the charge-to-mass ratio vectors for gauge fields (3.24) are then [109]
za ≡
∑
j
Mp
fajSa
ej , (3.74)
where the ei are an orthonormal set of basis vectors. Using the za the generalization of the
Weak Gravity Conjecture is then formulated that the convex hull should include the unit ball.
The multiple axion Weak Gravity Conjecture has interesting implications for the so-called
axion alignment. The general idea behind axion alignment is that if we consider two or more
axions, the axion field space is two dimensional and we can then identify an arbitrarily long
one-dimensional path in it. The simplest such path is just a straight line at an angle to one of
the axion directions, as illustrated in figure 21. Such long field paths are of interest for inflation
models, and the first construction of an axion alignment model was motivated by this [152]. It
is simplest to consider axion alignment for two axions, in which case the general potential for
the canonically normalised orthogonal fields φi is a restriction of (3.73)
V ∼ Λ4A1e−S1 cos
(
φ1
f11
+
φ2
f12
)
+ Λ4A2e−S2 cos
(
φ1
f21
+
φ2
f22
)
. (3.75)
The idea is to restrict faj < 1, but still induce a very large periodicity for a combination of
φ1 and φ2. Note that if
f11
f12 =
f21
f22 then the same linear combination of the φi appears in both
instantons and therefore the orthogonal combination will be a completely flat direction. Then
choosing f11f12 ∼ f21f22 leads to a direction which is not perfectly flat, but which nonetheless has an
very long oscillation period [152]. Interestingly, the multi-axion Weak Gravity Conjecture forbids
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Figure 22: Figure showing the convex hull for two aligned axions. The left figure shows that
axion alignment with two instantons has a convex hull which does not contain the unit disc. The
right figure shows how such a model can be made to consistent with the convex hull condition
by adding another instanton.
such a scenario, since if the two axion combinations in the instantons are almost aligned, the unit
disc will not be contained in their associated convex hull [109,110]. However, one can modify
the theory by postulating a third instanton which allows the convex hull to contain the unit
disc, but which has a very large action relative to the other instantons S3  S1 ∼ S2. This way
the Weak Gravity Conjecture is satisfied, but the axion potential is hardly modified [109,110].
These possibilities are illustrated in figure 22.
What this example shows is that how strongly the Weak Gravity Conjecture for axions
restricts the axion potential is dependent on the relative magnitudes of the instantons. In
fact, the crucial point is whether the an axion version of the Strong Weak Gravity Conjecture
(see section 3.5.2) is satisfied [86,105,106,109–111]. One can ignore the ultraviolet origin and
consider an effective low energy theory for the lightest axion mode φ which may appear in a
number of different instantons
V ∼ Λ4e−S1 cos φ
f1
+ Λ4e−S2 cos
φ
f2
. (3.76)
The axion Weak Gravity Conjecture (3.70) states that one instanton at least must satisfy
fS ≤Mp. But we can have f1S1 ≤Mp and f2S2 Mp. Then we are free to take f1 < 1 and
f2  1 while still controlling both instanton expansions. The form of the axion potential will
then depend on whether S2 > S1 or S1 > S2. In the former case the dominant contribution to
the potential has small period of oscillation, while in the latter case the dominant contribution
has a long period. This is illustrated in figure 23. The difference between the two possibilities is
precisely the content of the Strong Weak Gravity Conjecture which says that the Weak Gravity
Conjecture should be respected by the lightest field, or in terms of axions, the instanton with the
smallest action. This would then determine S2 > S1, leading to the highly oscillatory potential.
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Figure 23: Figure showing the two instanton potential (3.76). The first axion satisfies the
axion Weak Gravity Conjecture S1f1 ≤ 1, while the second does not S2f2 > 1. The periodicities
are taken to be f1 =
1
3 and f2 = 8. The case on the left shows the form of the potential if the
Strong Weak Gravity Conjecture holds and the dominant instanton is the one satisfying the
Weak Gravity Conjecture. The case on the right shows the potential when the Strong form of
the Weak Gravity Conjecture is violated.
Indeed, this question is precisely analogous to the Higgsing scenario of [34] presented in section
3.5.2, and again is related to whether the Strong Weak Gravity Conjecture applies to the low
energy effective theory. Since for the case of gauge fields general arguments for the Strong
version of the Weak Gravity Conjecture were difficult to establish, the same should be true for
the axionic version, and so tests of it in string theory play a crucial role. We will discuss these
in detail in section 4.
Another interesting application of the multi-axion Weak Gravity Conjecture is to scenarios
with many axions N  1. Such theories have also been utilized to propose long field ranges
in the context of inflation [19]. The idea is that if we consider N axions with equal decay
constants f , then the diagonal combination will have an effective decay constant of
√
Nf [19].
Recall, as discussed in section 3.5.1, that the convex hull condition implies that the charge
vector magnitudes need to be enhanced by a factor of
√
N . For axions this means that the
decay constants for each axion need to decrease by a factor of
√
N , so f ∼ 1√
N
, which then
precisely cancels the enhancement of the total decay constant [105, 106, 109–111]. However,
in [120] it was argued that a similar way out to alignment, with sub-leading instantons, can be
implemented here and so similarly the question comes down to the Strong version of the Weak
Gravity Conjecture.
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Instantons and Scalar Fields
In the case of gauge fields the Weak Gravity Conjecture was argued to be modified due to
scalar fields (3.38). It is natural to propose that a similar modification should hold for the
axion Weak Gravity Conjecture. One way to try and determine such a form is using string
theory to determine the relation satisfied by instantons in the case of N = 2 supersymmetry, so
the equivalent statement to BPS particles for the gauge Weak Gravity Conjecture. And then
propose that it should hold as an inequality more generally. This was studied in [112] where a
general proposal was made for arbitrary axion kinetic terms. Here we just quote the result for a
single canonically normalised scalar field φ, axion with decay constant f , and instanton with
action S
f2S2 + f2 (∂φS)
2M2p ≤M2p . (3.77)
The magnetic axion Weak Gravity Conjecture
The axionic Weak Gravity Conjecture discussion so far has been in analogy with the electric
Weak Gravity Conjecture (3.6). The magnetic Weak Gravity Conjecture (3.7) should also have
an analogous statement for axions. This was studied in [140,141,153]. In [141] it was proposed
that for an axion with decay constant f , there is a bound on the cutoff of the effective theory
Λf which takes the form
Λf .
√
fMp . (3.78)
The scale Λf was argued to be associated to light strings, which in [141] were needed in order
for a black hole with two-form charge to discharge itself and avoid a remnant. There are some
subtleties with this proposal, discussed in [141, 153], in particular the axion in question here
should be an axion such that its associated string should have a singular core. This is opposed
to say Nambu-Goldstone bosons which have associated string solutions which are smooth at
their core.
3.6 The Swampland Distance Conjecture
We first encountered the Swampland Distance Conjecture in section 2.2 in the context of
compactification of string theory on a circle. In this section we will discuss it in more detail,
and present some general arguments for it. The Swampland Distance Conjecture has been less
studied from a general perspective relative to the Weak Gravity Conjecture, and most of the
work has been on testing it in string theory, which will be discussed in section 4. A further
microscopic argument for the Swampland Distance Conjecture, along with the Weak Gravity
Conjecture, will be presented in section 5. Let us, for convenience, present the definition of the
conjecture, first presented in 2.2, also here.
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Swampland Distance Conjecture [4]
• Consider a theory, coupled to gravity, with a moduli space M which is parametrized
by the expectation values of some field φi which have no potential. Starting from
any point P ∈M there exists another point Q ∈M such that the geodesic distance
between P and Q, denoted d (P,Q), is infinite.
• There exists an infinite tower of states, with an associated mass scale M , such that
M (Q) ∼M (P ) e−αd(P,Q) , (3.79)
where α is some positive constant.
It is worth discussing the moduli space M in a bit more detail. We consider an action
S =
∫
ddx
√−g
[
R
2
− gij
(
φi
)
∂φi∂φj + ...
]
. (3.80)
The real scalar fields φi do not have a potential, and the index i is kept arbitrary for now. The
φi are coordinates on a moduli space M, their kinetic terms define a metric on that space gij .20
This metric has Euclidean signature since the kinetic terms for physical scalar fields should
have fixed sign. The index range of i defines the real dimension of the moduli space M. The
special case of canonically normalised fields gij (φ) = δij , corresponds to a flat moduli space.
The moduli space may still have a non-trivial topology though, for example, some of the fields
may be compact φ ∼ φ+ 2pi.
A point P in the moduli space corresponds to some specification of the expectation values
for the scalar fields. The geodesic distance between two points P and Q, which plays a role in
the conjecture d (P,Q), is then defined as usual
d (P,Q) ≡
∫
γ
(
gij
∂φi
∂s
∂φj
∂s
) 1
2
ds . (3.81)
Here γ is the shortest geodesic connecting the points P and Q, and ds is the line element along
that geodesic.
The first part of the conjecture states that for a point P ∈M there exists some other point
Q ∈ M which is an infinite distance away. The simplest example of such a field space is just
the real line M = R, and this was the case discussed in section 2.2. Then for any value of φ,
the points φ = ±∞ are an infinite distance away. A simple example of a moduli space which
violates the conjecture is a periodic scalar φ ∼ φ+ 2pi, which defines a circle M = S1, since the
maximum distance between two points is just 2pi. This does not mean that periodic scalars are
forbidden in quantum gravity, only that they must be part of a larger moduli space. For the
case of periodic pseudo-scalars, axions, this occurs because the axion decay constant f is itself a
scalar field.
In the case of a Kaluza-Klein reduction on a circle studied in section 2.2 we found that the
mass of the tower behaves as
M (Q) = M (P ) e−αd(P,Q) . (3.82)
20Care to note the difference between the moduli space metric gij and the space-time metric which appears in
the overall
√−g factor. This is an unfortunate clash of notation, and the two quantities are completely unrelated.
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Crucially, this held as an exact statement for any distance d (P,Q). However, we cannot expect
this to be a general property of moduli spaces in quantum gravity. If we take two points which
are very close to each other d (P,Q) → 0 then it may well be that actually M (Q) > M (P ).
Indeed, if we consider any periodic direction in moduli space then it must be that M must
equally be a periodic function onM, M (φ) = M (φ+ 2pi). Then for any point P there must be
a Q with d (P,Q) > 0 and M (Q) ≥M (P ).
The relevant picture behind the Swampland Distance Conjecture is therefore that moduli
spaces in string theory take the schematic form illustrated in figure 9. There is a bulk of moduli
space and there are asymptotic regions near loci which are at infinite distance from the bulk. Of
course, the actual geometry of the moduli space is much more complicated than that depicted
in 9, as will be discussed in detail in section 4, but schematically the picture is sufficient. The
conjecture therefore is a statement about universal behaviour in the asymptotic regions (coloured
red in figure 9).
We may consider then how large does d (P,Q) need to be in order that the asymptotic
exponential behaviour gives a good approximation for any starting point P . This is also tied to
a bound on the magnitude of α, since if α 1 we can have d (P,Q) 1 without much change
in the tower mass according to (3.79). In other words, a sharp statement would have to be one
which constrains α and d (P,Q) separately. Although no explicit general statements about these
more precise questions were made in [4], it is natural to interpret the conjecture as saying that
α ∼ O (1) for sufficiently large distances d (P,Q) 1.
To make these things more explicit and sharply defined, in [9, 154] a Refined Swampland
Distance Conjecture was proposed. The conjecture has two parts, and the first matches on to
the discussion so far, while the second refers to fields with a potential.21 Each part may hold
separately but they are also intrinsically related as we will discuss below.
Refined Swampland Distance Conjecture [9, 154]
• Consider a theory, coupled to gravity, with a moduli space which is parametrized
by the expectation values of some fields which have no potential. Let the geodesic
distance between any point P ∈M and another point Q ∈M be denoted d (P,Q).
There exists an infinite tower of states with mass scale M such that
M (Q) < M (P ) e
−α d(P,Q)
Mp , (3.83)
if d (P,Q) &Mp.
• The first statement holds even for fields with a potential, not just for moduli, where
the moduli space is replaced with the field space in the effective theory.
Since the conjecture involves the Planck mass in an important way we have reinstated it.
The first part of the Refined Swampland Distance Conjecture is closely related to the original
formulation (3.79), and some looser version of it is in some sense implicit in [4]. It has though a
sharp inequality sign in (3.83). And the approximate sign was meant in a tight way, so that the
exponential behaviour sets in at 1-2 Mp, and there is no way to delay it, say to d (P,Q) ∼ 10Mp.
21The second part was implicit in the analysis of [9, 154], since it applied to fields with potentials, but was not
stated explicitly.
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It also has some stronger implications for the behaviour before the exponential decrease appears
since it must not be such that the mass increases too much in that regime. This places an
implicit lower bound on α, since a very mild behaviour at d (P,Q) ∼Mp would not be sufficient
to counter any possible increase in the mass at small d (P,Q). Note that it also weakens in one
way the original statement (3.79) because it allows for the possibility that M may decrease
faster than exponentially in d (P,Q).
The second part of the conjecture is substantially different to the original formulation in [4]
since it is also a statement about the type of potentials which may appear in quantum gravity.
The two parts are closely linked because in attempting to define a field distance conjecture for
fields with a potential, it is not clear that an asymptotic infinite distance point exists within the
effective theory. It may have an energy density associated to it which is above the cutoff scale
of the theory. More precisely, the cutoff scale Λ of an effective theory limits any energy densities
and in particular it restricts the value of the fields φi to be such that the potential is bounded
V (φ)
1
4 < Λ. Therefore, much like the two parts in the original conjecture, making the precise
finite distance first statement is prerequisite for the second statement.
Finally, there is a general comment that is useful to make regarding both versions of the
distance conjecture. The tower of states is usually taken to be particle-like in nature. However,
examples from string theory suggest that we should also allow them to be light extended objects.
So for example, tower of light string states. One may still treat these as particle-like below the
length scale of the objects, but it is not clear that this is the correct thing to do. So we should
keep in mind that by a tower of light states, we may also allow for light extended objects.
Note that, for convenience, we will often refer to both the Swampland Distance Conjecture
and its refined version as the distance conjecture.
3.6.1 Relation to the Weak Gravity Conjecture
There are a number of relations between the distance conjectures and the Weak Gravity
Conjecture. In [9] it was noted that since a periodic scalar cannot satisfy the exponential
behaviour of the distance conjecture the Refined Swampland Distance Conjecture would require
that periodic scalars cannot have period distances larger than Mp. This matches nicely to the
constraint imposed by the axionic Weak Gravity Conjecture on the axion decay constant (3.70).
It was also argued in [154] that we may interpret (3.70) in a different way as a constraint on
the scalar field which controls the axion decay constant. In particular, within a supersymmetric
setting the scalar superpartner of the axion, the saxion, controls both the instanton action and
the axion decay constant. Schematically, the action takes the form
S =
∫
d4x
√−g
[
R
2
− f (u)2 (∂u)2 − f (u)2 (∂a)2 + Λ4Ae−u cos (a) + ...
]
. (3.84)
The constraint (3.70) then translates into one on the kinetic term of the saxion
f (u)u ≤ 1 . (3.85)
If f was a constant, then this would be a direct sharp constraint on the geodesic distance along
the u direction in field space d (P,Q) ≤ 1. We can extend the distance further only if f (u) falls
off at least as fast as 1u . This therefore implies that the proper distance grows beyond Mp only
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at best as d ∼ log u. This logarithmic behaviour is tied to the exponential behaviour of the
distance conjectures, as u typically controls the mass scale of towers of states.
A relation between the distance conjecture and the Scalar Weak Gravity Conjecture (3.64)
was pointed out in [92]. Let us consider the Scalar Weak Gravity Conjecture applied to a single
canonically normalised scalar field φ. It states that the mass of the field should satisfy
|∂φm| > m . (3.86)
We may now consider varying φ and ask that (3.86) should be maintained. It is manifest
that for sufficiently large φ any power-law behaviour m ∼ φp would be violated. Instead we
require m ∼ e−αφ with α > 1. We therefore recover the exponential behaviour of the mass in
the distance conjectures (3.79) and (3.83). In other words, a particle must have exponentially
decreasing mass if gravity is to remain the weakest force acting on it even for large scalar
expectation values.
As discussed in section 3.5.5, the Scalar Weak Gravity Conjecture does not require that
the same particle satisfy it throughout all of field space. We may then consider a simple way
to avoid the exponential behaviour of the mass by introducing to particles whose masses are
oscillatory in φ, such that there is always one which satisfies the conjecture. For example,
m1 = |cosφ| , m2 = |sinφ| . (3.87)
However, the period of φ is 2pi and if we tried to parametrically increase it we would need
to introduce more fields. It can be checked that the size of the region with |∂m| > m for
m =
∣∣∣cos φN ∣∣∣ stays constant for large N . Therefore, we need N particles which are interchanging
their roles in order to satisfy the Scalar Weak Gravity Conjecture over a field distance in φ of
2piN . For an infinite distance we would need an infinite tower of states. This was shown in [92],
where it was also pointed out that this is a way to think of axions in string theory, leading to
a relation between axions and infinite towers of states which we will discuss in more detail in
section 4.
So far we have discussed relations between electric versions of the Weak Gravity Conjecture
and the distance conjectures. However, in many ways it is the magnetic Weak Gravity Conjecture
(3.7) which is closest in nature to the distance conjectures. As discussed in section 3.5.6, it
is natural to associate the magnetic Weak Gravity Conjecture scale gMp with the mass scale
of an infinite tower of states. We may then identify this tower with the tower of the distance
conjectures. This relation between the towers was first discussed in [8, 9], and we will study
it in more detail in section 5. It suggests that gauge couplings should be functions of scalar
fields, which is certainly the case in string theory, such that the relation between the value of
the coupling g and the canonically normalised field φ, is exponential
g ∼ e−φ . (3.88)
The Weak Gravity Conjecture also provides an insight into a possible further refinement of
the Refined Swampland Distance Conjecture [154]. Recall the type of potentials one obtains for
small instanton action, as depicted in figure 20, or for axion alignment, as depicted in figure 23
(we refer here to the potential respecting the Strong Weak Gravity Conjecture). We note that
their structure is such that the overall periodicity of the potential can be made parametrically
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large, while the size of monotonic regions in the potential remains constant and around the
Planck scale. It is not clear that such scenarios can be realized in string theory, but if they can
then they would suggest that the Refined Swampland Distance Conjecture should hold while
restricting the field distance to lie within monotonic regions of the potential. This possible
refinement was noted already in [154].
3.6.2 Relation to spatial field variations
Consider a situation where a scalar field varies its expectation value spatially. We let the spatial
variation be restricted to a region of size R, and consider a variation ∆φ, from one side of the
region to the other, for a canonically normalised scalar field. If we keep R fixed, and try to
increase ∆φ we eventually reach an obstruction which is that energy in the spatial gradient of
the scalar field, coming from the kinetic terms, will have a Schwarzschild radius larger than R
leading to a collapse of the system into a black hole. This leads to an interesting way to probe a
gravitational censorship of large field variations. The relation between the censorship of large
spatial field variations and the Swampland Distance Conjecture was studied in [9], while its
relation to the axionic Weak Gravity Conjecture was studied in [155], and more generally to
censorship of large field variations in [156].
A more precise version of the above estimate on a bound by gravitational collapse was
made in [157]. It was shown that if gravity is to remain in the Newtonian regime, then a free
scalar field cannot undergo a super-Planckian variation. A free scalar field is one which is not
feeling an effective potential. If we consider a general potential, then a scalar field can have a
super-Planckian spatial field variation within the Newtonian regime, but the maximum variation
∆φ is obtained for a logarithmic spatial profile φ ∼ log r, where r is the radial coordinate. A
similar logarithmic bound was shown also for a general class of strongly curved backgrounds
in [9]. An interesting implication of these results is that for super-Planckian spatial variations
the energy density in the field due to the kinetic terms ρ, has to vary at least exponentially
ρ ∼ eα∆φ, for some α. This can be seen by noting that if φ ∼ log r, then ∂rφ ∼ 1r ∼ e−φ.
One class of solutions which can induce a potential for a scalar field are localized solutions
charged under a U(1) gauge symmetry. In such cases, if the gauge coupling of the U(1) depends
on a scalar field φ then the scalar field will develop a spatial gradient which can support a
trans-Planckian variation. In [9] such solutions were studied and it was argued that far away
from the source, the gauge coupling g (φ) is of similar magnitude to the energy density in the
scalar field kinetic terms. Then the exponential increase in the energy density discussed above
implies that if the solutions is to be self-consistent then the cutoff scale of the theory set by the
magnetic Weak Gravity Conjecture scale Λ ∼ gMp must also increase exponentially and stay
above the energy density. This then leads to the relation (3.88) thereby motivating the distance
conjecture from the Weak Gravity Conjecture.
3.6.3 Implications for inflation and primordial gravitational waves
The distance conjecture (3.79) and (3.83), and its close relation the axionic Weak Gravity
Conjecture (3.70), have important implications for models of inflation. Indeed, much of the
work on the Swampland is motivated precisely by the resulting constraints on inflation, as a
way to formalize and quantify the general sense of difficulty of constructing models of large field
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inflation in string theory. Models of large field inflation are those where the inflaton φ undergoes
a super-Planckian excursion in field space. See [158] for a review of inflation, and [159] for a
review on its potential realizations in string theory. See also [145]. for a review related to the
distance conjecture, and [160–172] for (an incomplete list of) an analysis of specific inflation
models with respect to the distance conjecture.
Let us first recall some basic elements of single-field slow-roll inflation. The inflaton is
canonically normalised and denoted as φ, with potential V (φ).22 The potential slow-roll
parameters are
V =
M2p
2
(
∂φV
V
)2
, ηV = M
2
p
∂2φV
V
. (3.89)
These are related to the Spectral tilt ns and the tensor-to-scalar ratio r as
ns − 1 ' 1 + 2ηV − 6V , r ' 16V . (3.90)
The parameter r measures the ratio of the power of tensor perturbations during inflation to the
power in scalar perturbations. The current best constraints on the parameters are [173]
ns = 0.9649± 0.0042 , r < 0.064 . (3.91)
The tensor-to-scalar ratio is a particularly interesting parameter since it relates the magnitude
of the inflaton field excursion to the energy scale of inflation. Specifically, for 60 e-foldings of
inflation, the correct magnitude of the scalar perturbations requires
Einf = V
1
4 ' 8× 10−3
( r
0.1
) 1
4
Mp , (3.92)
while the Lyth bound states [174]
∆φ
Mp
& 0.25
( r
0.01
) 1
2
. (3.93)
The two relations (3.92) and (3.93) imply that large r is in (exponential) tension with the
distance conjecture. This is because large inflaton excursions lead to a tower of states becoming
exponentially light, but on the other hand we also need a high energy scale of inflation which
should nonetheless be lower than the mass scale of the tower of states.
To give a quantitative impression of this tension, let us define the mass scale of the tower of
states of the distance conjecture to be
Λdc = Ae
−α∆φ
MpMp . (3.94)
Then we can obtain bounds on the parameters A and α in (3.94) for a given magnitude of r by
requiring Λdc > Einf .
23 These are shown in figure 24. While the exponential nature of the mass
scales of the tower of states is important, in practice, much of the tension in building controlled
models in string theory which leads to significant r is actually due to the parameter A, which
corresponds to the starting mass scale for the tower of states. Overall, while a sharp bound on r
22Note that in this section φ has kinetic terms 1
2
(∂φ)2, rather than (∂φ)2 as in other parts.
23Slightly weaker bounds can be obtained by requiring the cutoff to be larger than only the Hubble scale during
inflation Λdc > Hinf .
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Figure 24: Figure showing the energy scale of inflation Einf and the mass scale of the tower of
states of the distance conjecture, parameterized as Ae
−α∆φ
MpMp for different values of A and α,
as a function of the tensor-to-scalar ratio r. The value of r is bounded by the crossing point of
Einf and the tower mass scales.
from the distance conjecture would require sharp bounds on A and α, it is clear that order one
values for these can yield bounds that are comparable to observational bounds.24
The distance conjecture also places important bounds on specific models of inflation. For
example, power-law inflation models V (φ) ∼ φp, for some p, have Einf ∼ 7× 10−3p 14Mp. While
say for p = 1, 2, 3, 4 we have ∆φ ∼ 11Mp, 15Mp, 19Mp, 22Mp. Then for A = 1 we have that
Λdc > Einf restricts α < 0.4, 0.3, 0.24, 0.2. These models give r = 0.07, 0.13, 0.20, 0.27, which
shows that the bounds from the Lyth bound (3.93), as shown in figure 24, are actually often far
too weak and so underestimate the strength of the distance conjecture.
A related model is natural inflation [177]. This is based on a potential as in (3.69), but
requires f ∼ 10Mp in order to be compatible with spectral tilt bounds (3.91) [159]. Such a large
axion decay constant goes against the Weak Gravity Conjecture for axions (3.70), and more
generally violates the distance conjecture as discussed in section 3.6.1.
Even when r may be very small the constrains can be important. A canonical example
is Starobinsky inflation [178], which is one of the best fitting models to current data. While
this model has r ∼ 0.003, it is still a large field inflation models, with 55 e-foldings requiring
∆φ > 5Mp, and an eternal inflation scenario requiring ∆φ > 15Mp. The mass scale of inflation
is Einf ∼ 3× 10−3Mp, and requiring Λdc > Einf places strong bounds on A and α as shown in
figure 25.
Starobinsky inflation is part of a more general set of inflation models termed α-attractors
[179–181]. In [172] an analysis of the cosmological implications of the distance conjecture with
24Of course, such bounds may be evaded in models where the magnitude of r is not bounded by the field
excursion, see for example [175,176].
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Figure 25: Figure showing the energy scale of Starobinsky inflation Einf and the mass scale
of the tower of states of the distance conjecture, parameterized as Ae
−α∆φ
MpMp, as a function
of the inflaton excursion ∆φ. The values of A and α for most of the curves are the same as in
figure 24 (by colour), while two new curves are added. The values of ∆φ required to achieve 55
e-foldings and to achieve eternal inflation are shown.
respect to these models was performed.
Finally, it is important to keep in mind that inflation is a dynamical process, while the
distance conjecture is a statement about distances in field space. It is therefore important to
study the implications of this difference in the context of bounds on inflation. This has been
performed in [165,170] in the context of the Swampland, and it was argued that the onset of the
exponential behaviour of the Refined distance conjecture (3.83) may be delayed by this difference
by an order one factor. Such differences should be accounted for in a precise quantitative analysis
of bounds on inflation.
4 Swampland Tests in String Theory
In section 3 we discussed Swampland constraints from a general quantum gravity perspective. In
this section we will review how the ideas of the Swampland manifest in string theory. In section
2 we introduced some basics of string theory which were sufficient for a first encounter with the
Swampland upon considering a simple compactification on a circle. It will not be possible to
review this section at the same level of technical detail, simply because it is much more advanced
material and the literature is much larger and also less sharply understood. However, in keeping
with the introductory theme of this article, we will try to at least present the key concepts
and also some simple examples which are worked through in more detail. Some introductory
textbooks which are relevant to the content of this section are [6, 182,183], and more advanced
reviews are [184–186].
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Figure 26: Figure showing the parameter space of M-theory. The different well-understood
limits correspond to the 5 string theories and 11-dimensional supergravity.
In section 2 we introduced the bosonic string. We noted the presence of a tachyon mode but
did not pay it too much attention. The tachyon, as well as other non-perturbative instabilities,
can be removed if we consider a supersymmetric string, a superstring. There are five types of
superstring theories: Type I, Type IIA, Type IIB, Heterotic SO(32) and Heterotic E8. However,
they are all linked by dualities and so are capturing different parameterizations of the same
theory, often termed M-theory. The different parameterizations are good in different regimes
of the theory, and so we may consider a single theory with a parameter space, and in different
corners of the parameter space the superstring theories offer good descriptions. This is illustrated
in figure 26.
In (2.68) we presented an effective action for the massless spectrum of the bosonic string.
The superstring effective actions are 10-dimensional and contain a different spectrum of massless
fields. All the string theories contain a (classically) massless graviton and dilaton. We present the
massless spectrum for anti-symmetric forms in table 4.1, where we also include 11-dimensional
supergravity, which is proposed to be the low-energy limit of M-theory. In the case of the
bosonic string, the anti-symmetric Kalb-Ramond field B[µν] naturally integrates over the string
world-sheet. The superstrings have different degree anti-symmetric tensors and they similarly
naturally couple to different dimensional objects. The C(p) field in table 4.1 are termed Ramond-
Ramond fields, and the objects they couple to are termed D-branes [187]. A Dp-brane is a
D-brane which is p+ 1 dimensional, and these are also shown in table 4.1.
The type II string theories also contain other localized objects called orientifold planes,
which we denote by Op. They have the same dimension as the associated Dp branes, and have
opposite sign charge under the associated field. More precisely their charges are related as
Q (Op) = −2p−4Q (Dp), see for example [184].25 Orientifold planes are non dynamical in the
25Type I string theory can be thought of as type IIB string theory with an O9-plane. To cancel the charge one
needs to add 32 D9 branes, which lead to the SO(32) gauge group.
79
Massless Field Electric Charged Object Magnetic Dual
Type IIA String Theory
B
(2)
µν F1-String NS5-brane
C
(1)
µ D0-Brane D6-brane
C
(3)
µνρ D2-Brane D4-brane
C
(9)
µν...ρ D8-Brane -
Type IIB String Theory
B
(2)
µν F1-String NS5-brane
C(0) D(-1)-Brane D7-brane
C
(2)
µν D1-Brane D5-brane
C
(4)
µνρσ D3-Brane D3-Brane
Type I String Theory
C
(2)
µ D1-Brane D5-brane
Aiµ, SO(32) F1 String
Heterotic String SO(32)
B
(2)
µν F1-String NS5-brane
Aiµ, SO(32) F1 String
Heterotic String E8
B
(2)
µν F1-String NS5-brane
Aiµ, E8 × E8 F1 String
Table 4.1: Table showing the bosonic massless spectrum of different superstring theories.
Anti-symmetric forms couple to associated extended objects, which are labelled along with their
magnetic duals. Some superstring theories contain non-Abelian gauge groups.
weak-coupling limit of the string theories, they correspond to fixed loci for a quotient of the
string theory of the form
O = OF σO , (4.1)
where OF is an internal involution action on the string worldsheet fields and σO is an external
involution on the geometry.
In section 2 we discussed string theory on a circle. This means we considered a background
which is topologically R1,d × S1. We then considered the effective theory for the massless modes
in R1,d. Constructing this effective theory is termed a compactification, in this case on a circle.
More generally, a compactification refers to a considering the background to be a non-compact
space, times a compact space. And the effective lower dimensional theory is constructed at an
energy scale below the Kaluza-Klein scale of the compact dimensions. There are some exceptions
to these rules, which we will discuss later.
In the case of the bosonic string on a circle we saw that the radius of the circle was a scalar
field φ (2.72). This scalar had no potential classically. In the absence of supersymmetry, it is
expected that quantum corrections will lead to a potential for the field. However, if we consider
compactifications which preserve supersymmetry in the lower-dimensional theory, then the
resulting scalar fields which parameterize the extra-dimensional geometry can remain massless,
and are termed moduli. The expectation values of the exactly massless scalar fields in the theory
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define a field space called a moduli space. In general, only compactifications which preserve at
least 8 supercharges are expected to have true moduli spaces in the sense that there are scalar
fields which have no potential even at the non-perturbative level. Compactifications which
preserve 4 supercharges, the minimal supersymmetry in four dimensions, may have moduli spaces
at the perturbative level, though it is natural to expect that there is no moduli space (other
than a point) at the non-perturbative level (see section 6.1). If we consider compactifications
to four dimensions, we therefore have a qualitative difference between vacua which preserve
N ≥ 2 supersymmetry and N = 1 supersymmetry. In particular, the best understood N = 1
vacua are those which exhibit a potential for the (would-be) moduli such that they are fixed
in a controlled regime. This is called moduli stabilization, and is simplest and most actively
studied for type IIA and IIB string theories.
Moduli stabilization will play a central role in much of the Swampland discussions and so
we will spend some time introducing a simple case of moduli stabilization in type IIA string
theory in section 4.3. More complicated, but much more widely studied, moduli stabilization
scenarios are realized in type IIB string theory, and will be the topic of section 4.4. We will then
utilize these introductory sections to review tests of the Swampland constraints discussed so far,
namely the Weak Gravity Conjecture and the Swampland Distance Conjecture, in string theory.
However, the Weak Gravity Conjecture in string theory is most naturally introduced in the
context of the Heterotic string, to which we now turn.
4.1 The Weak Gravity Conjecture and Heterotic Strings
In [5] the first string theory example test of the Weak Gravity Conjecture was for the Heterotic
string on a six-torus T 6. We refer to [6] for an account of such a setup from the worldsheet
perspective, as in section 2, and will be relatively brief here. The six-torus is just a direct
product of circles and so some of the discussion in section 2.3.1 for the reduction of the bosonic
string on a circle will apply. Since we have 6 circles we obtain in four dimensions 12 gauge
fields from the metric and Kalb-Ramond field. The Heterotic string also has a ten-dimensional
gauge group which is generically broken to its Cartan sub-algebra by Wilson lines on the circles,
yielding a further 16 U(1) gauge fields. Overall there are therefore 28 U(1) gauge fields in four
dimensions, and they are within an N = 4 supergravity theory preserving 16 supercharges (half
the maximal supersymmetry).
We will focus here on the 16 U(1) which come from the breaking of the SO(32) gauge group
in the Heterotic string. An analysis of this with respect to the Weak Gravity Conjecture was
performed in [7]. The first massive excitation is the SO(32) spinor which has a mass
m2 =
4
α′
. (4.2)
Upon reduction on T 6 it leads to states with charges populating the 16-dimensional charge
vectors
q =
(
±1
2
, ....,±1
2
)
, (4.3)
where the number of minus signs is even. In the Einstein frame, and in Planck units, the gauge
coupling for any of the U(1)s is
g2 =
2
α′
. (4.4)
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Figure 27: Figure illustrating the charge-to-mass ratio for the oscillator modes of the Heterotic
string. The spectrum approaches the Weak Gravity Conjecture bound from above.
Note that α′ depends on the dilaton expectation value through a relation analogous to (2.91),
which then is the field-dependence of the gauge coupling. Because there is a dilatonic coupling,
the appropriate formulation of the Weak Gravity Conjecture bound is [7]
m2 ≤ g2 |q|2 = 8
α′
, (4.5)
which is indeed satisfied. Note that the Weak Gravity Conjecture bound will actually be modified
due to the Wilson lines, as for example the axion a in (3.54). The bound (4.5) can be thought
of as the limit of small Wilson line expectation values, but it would be interesting to test it for
arbitrary Wilson lines. The analysis can be generalized for the full 28 U(1)s, so including the
U(1)s from the T 6, as in [5].
We can also consider the higher oscillator modes which have a mass
m2 =
2
α′
(
|q|2 − 2
)
, (4.6)
where now the possible charges are
q =
(
q1 +
c
2
, ..., q16 +
c
2
)
(4.7)
where qi ∈ Z and c = 0, 1. The charges are further constrained to satisfy |q|2 ∈ 2N. Then the
charge-to-mass ratio z behaves as
|z|2 = |q|
2
|q|2 − 2 . (4.8)
This approaches the Weak Gravity Conjecture bound |z|2 ≥ 1 for large charges. The spectrum
is illustrated in figure 27.
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We note that the spectrum of charged states satisfying the Weak Gravity Conjecture for the
Heterotic string on T 6 forms a lattice, and so satisfies the sub-Lattice Weak Gravity Conjecture
(see section 3.5.6). This also implies that it satisfies the Strong Weak Gravity Conjecture (see
section 3.5.2). Note that while for T 6 the states actually form the full lattice of charges, in
the case of orbifold compactifications some charged states can be projected out leading to
only a sub-Lattice [8, 106]. It was further argued in [5] that the existence of the spectrum of
charged states satisfying the Weak Gravity Conjecture is implied by modular invariance of the
world-sheet theory for the Heterotic string on an arbitrary manifold.26 It was also argued in [8]
that this extends to any U(1) coming from the NS-NS sector of any perturbative string theory.
More advanced tests of the Weak Gravity Conjecture for Heterotic strings U(1)s were
performed in [188, 189]. In [188] studies of the Higgsing scenario of [34], discussed in section
3.5.2 were made. It was argued that there is an obstruction to parametrically large violations
of the Strong Weak Gravity Conjecture. In [189] studies of Heterotic scenarios with multiple
U(1)s were made, and in particular it was conjectured that in a certain class of compactification
whenever there is a Fayet-Iliopoulos parameter for a U(1) there exists a field which can adjust
its expectation value to restore supersymmetry. This was tied to the convex hull condition,
as discussed in section 3.5.1. In [102, 107, 190] tests of the Weak Gravity Conjecture in rich
and general Heterotic settings in both six and four dimensions were performed by utilising
Heterotic/F-theory duality.
In this section we mostly focused on the Heterotic string on T 6, which leads to a highly
supersymmetric theory in four dimensions. In general, the less supersymmetry preserved by the
compactification of a string theory, the richer the possible effective four-dimensional theories,
and so the stronger the tests of the Swampland. Indeed, the most challenging tests for the
various versions of the Weak Gravity Conjecture are in a minimally supersymmetric setting, so
N = 1 or N = 0 in four dimensions (though see sections 4.5.2 and 4.7 for highly non-trivial
tests of the magnetic Weak Gravity Conjecture for extended supersymmetry). In such settings,
there is a potential induced for the scalar fields in the theory, and so to test the Swampland
constraints one must understand this potential and the resulting vacuum structure of the theory.
This is particularly important for axion versions of the Weak Gravity Conjecture since they
are most interesting when the axions have a potential. We therefore go on now to discuss such
minimally supersymmetric settings, and the resulting potentials that can be generated in string
theory.
4.2 Bosonic sector of N = 1 Supergravity
Compactifications of string theory to four dimensions which preserve N = 1 supersymmetry in
the vacuum can be described in terms of an effective theory which is an N = 1 supergravity. Here
we simply summarize some useful properties of such theories, and refer to [191] for a thorough
introduction. The field in such theories fall into supersymmetric multiplets. Two multiplets
which are of particular relevance are chiral multiplets, whose bosonic content consists of two
real scalar fields, and Vector multiplets whose bosonic content is a gauge field. We will mostly
be concerned with the scalar fields sector and this can be described using a Ka¨hler potential
K, a superpotential W and D-terms. We will almost always study backgrounds with vanishing
D-terms, and so will not discuss them here. The bosonic fields of chiral multiplets can be paired
26see [8, 70] for follow-up studies discussing subtleties with this.
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into a complex scalar fields T i, where the i index runs over the different chiral multiplets in
the theory. The Ka¨hler potential is then a real function of the T i, while the superpotential is
holomorphic in them. The effective theory for the bosonic fields is then given by
SN=1 =
∫
d4x
√−g
[
R
2
− gij¯∂T i∂T j¯ + V
(
T i
)
+ ...
]
, (4.9)
where the field space metric gij and the potential V are given in terms of the Ka¨hler potential
and superpotential as
gij¯ = ∂i∂j¯K , V = e
K
[
gij¯DiWDj¯W − 3 |W |2
]
, (4.10)
and we have introduced the covariant derivative
Di = ∂i + (∂iK) . (4.11)
The gauge fields kinetic terms are given as in (3.29), where IIJ and RIJ are the imaginary
and real parts of the gauge kinetic function
fIJ
(
T i
) ≡ RIJ + iIIJ . (4.12)
The gauge kinetic function is a holomorphic function of the scalar fields in the chiral multiplets.
Both the superpotential and gauge kinetic function enjoy strong non-renormalisation proper-
ties. The superpotential receives no quantum corrections in perturbation theory, though can
receive non-perturbative corrections. The gauge kinetic function receives only 1-loop corrections
in perturbation theory.
4.3 Simple type IIA compactifications
In this section we will study some simple compactifications of type IIA string theory to four
dimensions. The aim is to introduce some basic concepts of compactifications so that when
considering more complicated compactifications we will be able to refer back to such concepts.
While these are simple settings, we will see that a substantial amount regarding Swampland
constraints can be exhibited using these examples.
The section will utilize the technology of differential forms, and we refer to [192] for an
introduction to this.
4.3.1 Type IIA on T 6
In this section we consider a compactification of type IIA to four dimensions on a six-dimensional
torus M6 = T 6. We parameterize the six directions of T 6 in terms of coordinates xi, i = 1, .., 6,
and define the associated 1-forms
ηi = dxi . (4.13)
We impose that the torus should be invariant under a discrete Z2 × Z2 symmetry which acts as(
η1, η2, η3, η4, η5, η6
)→ (−η1,−η2, η3,−η4,−η5, η6) ,(
η1, η2, η3, η4, η5, η6
)→ (η1,−η2,−η3, η4,−η5,−η6) . (4.14)
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This restricts the possible deformations of the T 6 to ones which respect the symmetry (4.14).
In particular, it means that we have restricted the six-torus to a product of two tori T 6 →
T 2 × T 2 × T 2. To see this one can note that there are no invariant one-forms under (4.14), and
three invariant two-forms
ω1 = −η14 , ω2 = −η25 , ω3 = −η36 . (4.15)
We have introduced the notation ηi...k = ηi ∧ ... ∧ ηk. These two-forms are volume forms for the
volume of each two-torus. Each two-torus then has two deformation parameters associated to it,
its overall volume and the ratio of the radius of its two constituent circles. Denoting by Ri the
radius of each circle in the T 6 we can explicitly write the possible deformations of it as
t1 =
R1R4
α′
, t2 =
R2R5
α′
, t3 =
R3R6
α′
,
τ1 =
R4
R1
, τ2 =
R5
R2
, τ3 =
R6
R3
. (4.16)
The geometric deformations of the torus are scalar fields in the four-dimensional effective theory,
which are analogous to the circle radius φ in (2.72). This compactification, and in particular the
related one studied in section 4.3.4, has been extensively studied, see for example [193–195].
Note that the symmetry (4.14) picks out a sub-sector of all the possible geometric deforma-
tions. It is possible to impose this strictly by considering an orbifolding of T 6 by the symmetry.
This will lead to some subtleties, which we discuss later, so for now we just consider restricting to
the sector respecting (4.14). Such a restriction is said to be a consistent truncation of the full set
of geometric deformations, and will be something we often utilize. The point is that dynamics
within the sector respecting (4.14) will not induce dynamics in the sector violating (4.14),
since the former preserve the symmetry while the latter break it. More generally, consistent
truncations can be employed when the compactification manifold has a group, or coset, structure.
See, for example, [193, 194, 196, 197] for discussions on this point. We will henceforth denote the
compactification as
M6 = T
6
Z2 × Z2 , (4.17)
and in practice almost everything we write holds for either the consistent truncation only without
orbifolding, or for actually orbifolding the torus.
The compactification preserves supersymmetry, and so it is useful to write the geometry in a
way which manifests the supersymmetry. To do this we consider the possible forms on the space
that are invariant under (4.14). In (4.15) we constructed the possible two-forms, the possible
three-forms are then
α0 = η
123 , β0 = η456 ,
α1 = η
156 , β1 = η423 ,
α2 = η
426 , β2 = η153 ,
α3 = η
453 , β3 = η126 .
(4.18)
Note that the forms are not all independent but come in pairs related by Hodge duality. More
generally, such bases can be normalised such that∫
M6
αI ∧ βJ = δJI . (4.19)
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Similarly, we can construct four-forms
ω˜1 = η2536 , ω˜2 = η1436 , ω˜3 = η1425 . (4.20)
And these form an orthonormal basis with the two-forms such that∫
M6
ωi ∧ ω˜j = δij . (4.21)
A compactification manifold which preserves supersymmetry has some universal structures
on it which come from the requirement that it should support nowhere vanishing spinors in
order to construct the associated supersymmetry generators, see for example the review [185]. It
is said to have a reduced structure group, and in this case it has SU(3)-structure. This means
that it always supports a real two form J , the Ka¨hler form, and a complex three-form Ω. These
forms can be used to formulate the geometry of the manifold in a manifestly supersymmetric
way. The geometric deformations of the manifold are then associated to expansions of J and Ω
in the basis of forms on the manifold. In this case, the appropriate expansions are
J = t1ω1 + t
2ω2 + t
3ω3 , (4.22)
Ω =
[
α0 +
(u1
s
)
α1 +
(u2
s
)
α2 +
(u3
s
)
α3
]
+ i
[−τ1τ2τ3β0 + τ1β1 + τ2β2 + τ3β3] .
Here we have introduced the combinations
τ1τ2τ3 = e
6φ (u1u2u3)
2
(t1t2t3)3
, τ1 = e
2φ u2u3
t1t2t3
, τ2 = e
2φ u1u3
t1t2t3
, τ3 = e
2φ u1u2
t1t2t3
, (4.23)
and
eφ =
(
t1t2t3
) 1
2
(su1u2u3)
1
4
. (4.24)
In (4.22) there are 3 parameters in the expansion of J , and 3 parameters in the expansion of Ω.
These capture exactly the same possible geometric deformations of the manifold as in (4.16),
but are just packaged in a different way more appropriate for supersymmetry. Note that we
have also introduced a real scalar s, but one can check that out of ui and s only 3 combinations
appear in (4.22). The notation is that the deformations of J , the ti, are called Ka¨hler moduli,
while the deformations of Ω, the ui, are called complex-structure moduli.
So far we have preserved N = 2 supersymmetry, but we would like to break it further to
N = 1. This is done through the introduction of an orientifold plane, in this case an O6 plane.
The geometric involution, σO in (4.1), is taken to act as
σO
(
η1,2,3
)
= η1,2,3 , σO
(
η4,5,6
)
= −η4,5,6 . (4.25)
The O6 plane is then space-time filling and wraps the fixed locus of σO. The forms transform
under the orientifold action as
σO (ωi) = −ωi , σO
(
ω˜i
)
= ω˜i ,
σO (αI) = αI , σO
(
βI
)
= −βI . (4.26)
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Note that since the O6-plane in a negative charge source for the Ramond-Ramond forms, we
should introduce appropriate positive sources to cancel the net charge. In this case, we can
place 4 D6 branes on top of each O6 plane.27
The resulting effective N = 1 theory contains massless bosonic scalar fields which arise from
the geometric deformations of the metric, or equivalently J and Ω, from the 10-dimensional
dilaton field denoted here φ, and from the higher dimensional anti-symmetric forms, as in
table 4.1. The general expression for this effective action for orientifold compactifications was
determined in [198]. First we define the (scalar parts of the) superfields as
Jc ≡ B(2) + iJ = iT iωi ,
Ωc ≡ C(3) + iRe (sΩ) = iSα0 − iU iαi . (4.27)
We expand these in components
T i = ti + ivi , U i = ui + iνi , S = s+ iσ . (4.28)
The real parts of the superfields match onto (4.22). The field s is denoted the four-dimensional
dilaton, to distinguish it from the ten-dimensional dilaton φ. The νi are seen to come from
the ten-dimensional Kalb-Ramond form, while the νi and σ come from the ten-dimensional
Ramond-Ramond three-form C(3). There are no other scalar fields because of the combination
of involutions (4.14) and (4.25). For example, the internal orientifold action in (4.1) acts as
OF
(
C(1)
)
= −C(1), which means that it is projected out with legs in the external directions
that are filled by the O-plane, and there are no odd 1-forms to expand it in. Similarly, only the
odd three-forms appear in the expansion of C(3).
To specify the effective action for the scalar fields, composed of only kinetic terms, we then
need to specify the Ka¨hler potential as in (4.10), which in general reads [198]
K = −log
(
4
3
∫
M6
J ∧ J ∧ J
)
− 2log
(
i
∫
M6
(sΩ) ∧ (sΩ∗)
)
. (4.29)
So for this specific case takes the form
K = − log s−
3∑
i=1
log ui −
3∑
i=1
log ti . (4.30)
This gives the effective action which is analogous to the simple one in (2.73), but now comes
from a superstring compactification to four dimensions. The scalar fields have no potential, so
the superpotential vanishes W = 0. More precisely, it only vanishes perturbatively, and there
are non-perturbative contributions which will be discussed in section 4.5. It is possible to induce
a perturbative superpotential by turning on fluxes, to which we now turn.
4.3.2 10-dimensional solution with fluxes
In section 4.3.1 we considered type IIA string theory on T 6. We derived an effective four-
dimensional theory which arises below the Kaluza-Klein scale of the T 6. This four-dimensional
27Note that the D6 branes will have open-string moduli associated to them, which we will not discuss at this
point.
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theory then has associated four-dimensional equations of motion. The idea of dimensional
reduction is that these equations of motion are such that solutions to them are also, a simple
subset of, solutions to the ten-dimensional equations of motion. This, in particular, implies
that any vacuum of the four-dimensional effective theory can be uplifted to a ten-dimensional
vacuum. For the simple case in section 4.3.1 this can be readily seen, the different expectation
values of the four-dimensional moduli fields correspond to different shapes for the torus, but any
shaped torus solves the ten-dimensional Einstein equations because it is a Ricci-flat manifold.
As we consider increasingly complicated compactifications of string theory we will see that
this ideal connection between the four-dimensional and ten-dimensional equations will become
increasingly difficult to establish. It is therefore crucial to keep in mind that it is always the
ten-dimensional physics which is the more fundamental and correct, at least as long as the
Kaluza-Klein scale is below the String scale. The four-dimensional effective theory is meant to
capture simple solutions to the ten-dimensional equations of motion but it may not always do
so correctly.
A setup where this becomes particularly interesting is the case when fluxes are turned on.
This means giving expectation values to the field strengths of the various massless anti-symmetric
fields. In such cases the ten-dimensional equations of motion become more complicated, and so
we must take extra care in thinking about how the four-dimensional effective theory is capturing
these equations. The aim of this section, and of section 4.3.4, is to provide an analysis of a
simple case where we can match the four-dimensional and ten-dimensional analyses. This can
then act as a reference point for the more complicated setups discussed later.
Let us first consider the fields in the ten-dimensional supergravity theory. From table 4.1 we
see that we have a dilaton φ and also the Kalb-Ramond form which we denote B2. In the case
where this form develops an expectation value which leads to a non-vanishing field strength we
denote this field strength Hf3 , and B2 remains the component which is not contributing to H
f
3 .
So the full ten-dimensional field strength is denoted by Hˆ3 and takes the form
Hˆ3 = H
f
3 + dB2 . (4.31)
We can do the same for the Ramond-Ramond C1 and C3 fields, with flux backgrounds F
f
2 and
F f4 . The three-form C3 is special because it can have a non-vanishing field strength along the
external non-compact directions which does not break the Lorentz symmetry, which we denote
by f . Finally, we may consider the Hodge dual of the ten-dimensional field strength of C9,
which is a scalar quantity we denote by Fˆ0. There is no propagating field associated to this
field-strength, and so it is pure flux only F f0 , and is known as the mass parameter of massive
type IIA supergravity [199].
The case we will consider is type IIA string theory compactified to four-dimensional anti-de
Sitter space. For now, the internal manifold will be kept general and we only demand that the
vacuum preserves N = 1 supersymmetry, which means that the internal manifold M6 should
have a Ka¨hler two-form J and three-form Ω, as in section 4.3.1. The most general such solution
to the ten-dimensional equations was found in [200,201]. In terms of the fields discussed above,
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it takes the form
Fˆ2 =
1
2
1
9
√
108
5
Fˆ0J ,
Fˆ4 = fdVol4 +
1
2
3Fˆ0
5
J ∧ J ,
Hˆ3 =
1
2
4Fˆ0
5
e2φsIm Ω . (4.32)
While the Bianchi Identity gives
f =
1
2
√
108
5
Fˆ0e
φ . (4.33)
Here the hats denote that these are the 10-dimensional forms, which are given by
Fˆ0 = F
f
0 ,
Fˆ2 = F
f
2 + F
f
0 B2 ,
Fˆ4 = fdVol4 + F
f
4 + dC3 +B2 ∧ F f2 +
1
2
F f0 B2 ∧B2 ,
Fˆ6 = F
f
6 −
(
Hf3 + dB2
)
∧ C3 +B2 ∧ F f4 +
1
6
F f0 B2 ∧B2 ∧B2 ,
Hˆ3 = H
f
3 + dB2 . (4.34)
Here dVol4 denotes the four-dimensional volume form, and Fˆ6 does not appear in (4.32) because
it is dual to f , but will be utilized later. More precisely, (4.32) are the supersymmetry equations,
and solving them and also the Bianchi Identity gives a solution to the Einstein equation and
the equations of motion for the fields. Note that the expression for the Bianchi identity (4.33)
already utilized the solution of the supersymmetry equations (4.32). Without doing this it
instead can be written as
dFˆ2 = Fˆ0Hˆ3 =⇒ dF f2 = F f0 Hf3 . (4.35)
Upon adding localized sources the only thing which gets modified is the Bianchi identify which
receives a contribution proportional to the sum of the charges [202,203]
dFˆ2 = Fˆ0Hˆ3 +
∑
δloc . (4.36)
Therefore, as long as the charges cancel locally the 10-dimensional equations remain the same.
We can implement this by placing the D6 branes on top of the O6 planes.
4.3.3 Type IIA on T 6 with flux
Let us now consider the presence of fluxes from the four-dimensional effective theory perspective.
We will keep the manifold the same but now allow for non-vanishing fluxes. That means we can
give a non-vanishing expectation value to the field strengths in the internal manifold, which we
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choose to be
F f6 = e06 ,
F f4 = e (ω˜1 + ω˜2 + ω˜3) ,
F f2 = q (ω1 + ω2 + ω3) ,
F f0 − −m ,
Hf3 = h0β
0 + h
(
β1 + β2 + β3
)
. (4.37)
where 6 = η
123456 is the volume form on the manifold. The fluxes are quantized, so the
parameters e0, e, q, m, h0 and h are integers. We have chosen the fluxes to be compatible with
the involutions (4.14) and (4.25).
Note that in (4.37) we have turned on F f6 . This is dual to the external Freund-Rubin flux f
in the ten-dimensional solution of section 4.3.2, and they are related through the equation of
motion for the external component of Cˆ3
f = − 1
t1t2t3e−φ
∫
Fˆ6 . (4.38)
The fluxes will induce a potential in the effective four-dimensional action. This can be
understood physically as the response of the extra-dimensional geometry to the energy density
associated to the fluxes. Supersymmetry constrains this potential to be formulated as a
superpotential in the N = 1 framework, and it takes the general form [198,204]
W =
∫
M
[
F f6 + Jc ∧ F f4 +
1
2
Jc ∧ Jc ∧ F f2 +
1
6
Jc ∧ Jc ∧ JcF f0 + Ωc ∧Hf3
]
. (4.39)
For the choice of fluxes (4.37) the superpotential potential takes the form
W = e0+ie
(
T 1 + T 2 + T 3
)−q (T 1T 2 + T 1T 3 + T 2T 3)+imT 1T 2T 3+ih0S−ih (U1 + U2 + U3) .
(4.40)
We can now look for a vacuum to the action with the Ka¨hler potential (4.30) and super-
potential (4.40). We look for a supersymmetric vacuum, which solved the F-terms DiW = 0.
To simplify the solution we consider a vacuum where T 1 = T 2 = T 3 and U1 = U2 = U3, which
gives [193]
t =
1
|m|
√
−5 (em+ q2)
3
, v = − q
m
,
u =
2
3 (−hm) |m|
√
−5 (em+ q2)3
3
, ν = − 1
3h
(
e0 +
3eq
m
+
2q3
m2
− h0σ
)
,
s =
2
3 (h0m) |m|
√
−5 (em+ q2)3
3
. (4.41)
We observe that all the moduli fields s, t, u have been fixed by the fluxes. We require h0m > 0,
hm < 0 and em+ q2 < 0 in order for them to be at physical values. Out of the 7 axions, the
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three vi have all been fixed, while because only one linear combination of the νi and σ appears
in the perturbative action, there remain 3 unfixed axions. We note that taking
∣∣em+ q2∣∣ 1
allows us to go to large volume and weak string coupling which makes the supergravity analysis
trustable.
We still need to consider the four-dimensional version of the Bianchi identity (4.36), which
are known as the tadpole constraints. They are an integrated version of the local Bianchi identity,
so are less refined and only capture the overall net charge conservation for the Ramond-Ramond
fields. In this case, since dFˆ2 = 0, they read
N0D6 +
1
2
h0m = 16 ,
N iD6 +
1
2
hm = 0 . (4.42)
There is a constraint for each 3-cycle homology class. The contribution of 16 comes from the
negative O6-plane charge, while ND6 refers to the number of D6 branes which are wrapping
the associated 3-cycle. Note that since hm < 0, it is possible to satisfy the tadpole constraints
by adding D6 branes rather than anti-D6 branes, and this means that the vacuum remains
supersymmetric.
We have therefore encountered our first moduli stabilization scenario. It is actually a simple
version of the more general analysis in [205]. We see that for different choices of flux integers we
have different vacua. In fact, since the fluxes e and q are unconstrained, we have formally an
infinite number of vacua in the theory.
Let us consider now the relation between the four-dimensional vacuum and the ten-
dimensional one. We saw that it is possible to satisfy the four-dimensional tadpole constraints
by adding localized charged sources. However, the ten-dimensional Bianchi Identity (4.36) is not
satisfied because it is a local equation and the flux on the left hand side is diffuse throughout the
cycle, while the right hand side has localized sources. It is usually stated that in such a situation
the Bianchi Identity is satisfied in a smeared approximation, which means one considers smearing
the localized sources over the cycle so that they can cancel the flux, see for example [196].
It would be very useful to understand the effect of the smearing approximation on the
solution. In general this is difficult to understand, but in this case we can gain some insight by
looking at a fully exact solution, to which we now turn.
4.3.4 Type IIA on S3 × S3 with flux
In order to find a compactification which solves the 10-dimensional Bianchi identity, and
equations of motion, exactly we need to deform our geometry from a torus to a twisted torus.
We can keep everything the same as in section 4.3.1, but we impose that the basis forms ηi are
no longer closed but satisfy
dηi = −1
2
ωiijη
j ∧ ηk . (4.43)
We consider the case where the ωiij are constants, which means that the manifold is homogenous.
The manifold can be viewed as a Lie group G where the ωiij are the structure constants. Imposing
the nilpotency of the exterior derivative implies
ωi[jkω
l
m]n = 0 . (4.44)
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This can also be understood as the Jacobi identity for the structure constants. The discrete
symmetry (4.14) implies that we should fix
ω156 = ω
2
64 = ω
3
45 = a ,
ω123 = ω
4
53 = ω
4
26 = ω
5
34 = ω
2
31 = ω
5
61 = ω
6
42 = ω
6
15 = ω
3
12 = b . (4.45)
With this choice note that we can go to a rescaled basis ηˆ
η1,2,3 =
1
b
ηˆ1,2,3 , η4,5,6 =
1√
ab
ηˆ4,5,6 , (4.46)
in which all the non-vanishing ωˆijk = 1. To see what this choice implies for the manifold we can
calculate the Killing form
Kjl = ωˆ
i
jkωˆ
k
li = −2 I . (4.47)
This is the Killing form of SO(4) ' SO(3) × SO(3). Therefore, we see that this manifold is
nothing but a (squished) product of two three-spheres S3 × S3. This can be seen explicitly
through a change of basis
ξ1 = bη1 +
√
abη4 , ξˆ1 = bη1 −
√
abη4 ,
ξ2 = bη2 +
√
abη5 , ξˆ2 = bη2 −
√
abη5 ,
ξ3 = bη3 +
√
abη6 , ξˆ3 = bη3 −
√
abη6 . (4.48)
In which case the structure constants are given by
dξi = −1
2
ijkξ
j ∧ ξk , dξˆi = −1
2
ijkξˆ
j ∧ ξˆk . (4.49)
So the ξ and ξˆ are the basis forms on the two S3s. Note that the isometry group is also
SU(2)×SU(2). We further would like to impose an orientifold projection. The geometric action
σO of the projection is taken as
σO
(
η1,2,3
)
= η1,2,3 , σO
(
η4,5,6
)
= −η4,5,6 , (4.50)
We therefore see that the manifold is
M = S
3 × S3
Z2
. (4.51)
The orientifold action interchanges the two S3, which can be seen from (4.48).
The basis forms now satisfy the differential properties
dω1 = aβ
0 + b
(
β1 − β2 − β3) ,
dω2 = aβ
0 + b
(−β1 + β2 − β3) ,
dω3 = aβ
0 + b
(−β1 − β2 + β3)
dω˜i = 0 . (4.52)
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Note that there is no linear combination of the ωi which is closed, this means that the manifold
contains no four-cycles. For the odd forms we have
dα0 = a
(
ω˜1 + ω˜2 + ω˜3
)
,
dα1 = b
(
ω˜1 − ω˜2 − ω˜3) ,
dα2 = b
(−ω˜1 + ω˜2 − ω˜3) ,
dα3 = b
(−ω˜1 − ω˜2 + ω˜3) ,
dβI = 0 . (4.53)
There is one orientifold odd and one orientifold even harmonic three-form, which correspond to
the two S3s.
Since all we have done is modify the differential, but not the algebraic, properties of the
basis forms, the effective theory is only modified through the superpotential. Indeed, the
general superpotential for a manifold with curvature that still has SU(3) structure was derived
in [198,206–210] and reads
W =
∫
M6
[
F f6 + Jc ∧ F f4 +
1
2
Jc ∧ Jc ∧ F f2 +
1
6
Jc ∧ Jc ∧ JcF f0 + Ωc ∧
(
Hf3 + dJc
)]
. (4.54)
Note the last term which is missing in (4.39).
The primary aim of deforming the geometry is to solve the 10-dimensional Bianchi identity
locally. That means that we cancel localized sources by themselves, by placing D6 branes on
any O6 planes, in this case (4.36) reduces to (4.35) and gives the constraint
3aq = −mh0 , bq = mh . (4.55)
We can solve this by restricting
h0 = −3a , h = b , q = m . (4.56)
The resulting effective superpotential then reads
W = (e0 + 3e)−m
(
T 2T 3 + T 1T 3 + T 1T 2
)
+ imT 1T 2T 3
+
(
T 1 + i
) [−aS + b (U1 − U2 − U3)+ ie]
+
(
T 2 + i
) [−aS + b (−U1 + U2 − U3)+ ie]
+
(
T 3 + i
) [−aS + b (−U1 − U2 + U3)+ ie] . (4.57)
The vacuum solution now takes the form [193]
t =
√
35
1
6
2
5
3m
1
3
(e0 + 3e+ 2m)
1
3 , v = −1− 1
2
5
3 5
1
3m
1
3
(e0 + 3e+ 2m)
1
3
u =
3
√
3m
1
3
2
7
3 5
1
6 b
(e0 + 3e+ 2m)
2
3 , ν =
1
10b
(
10e− 10aσ + 10m+ 2 23 5 13m 13 (e0 + 3e+ 2m)
2
3
)
s =
√
3m
1
3
2
7
3 5
1
6a
(e0 + 3e+ 2m)
2
3 . (4.58)
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Figure 28: Figure illustrating a 4-dimensional vacuum for T 2 × T 2 × T 2 with flux and charged
localized sources cancelling tadpoles, and a 10-dimensional solution on S3×S3 where the charges
cancel locally in the Bianchi identity. The solutions are topologically different, but can be
mapped to each other with each S3 composed of circles on the T 2s that are then cut and twisted
together. This geometric map corresponds to having the same fields in the effective theory but
adding a deformation to the superpotential. In particular, this deformation changes the number
of perturbatively massless axions from three to one, corresponding to the topology change.
One can then check that this four-dimensional solution now solves exactly all the ten-dimensional
equations in section 4.3.2. An important difference from the solution in section 4.3.3 is that the
number of perturbatively massless axions is now 1 not 3.
We have therefore obtain two related solutions, in section 4.3.3 a solution on T 6 obtain in
an effective four-dimensional theory (4.41), which does not uplift to an exact ten-dimensional
solution. While in this section we obtained a solution in an effective four-dimensional theory
(4.58), which does uplift to an exact ten-dimensional one. The two are related in the four-
dimensional effective theory by a superpotential deformation, the last term in (4.54), and
by different four-dimensional tadpole constraints.28 In the ten-dimensional geometry the two
solutions are related by a map from T 2 × T 2 × T 2 → S3 × S3 which changes the topology. This
is illustrated in figure 28.
It is useful to compare some coarse features which differ between the 4-dimensional solution in
section 4.3.3 and the ten-dimensional solution in this section. First the number of perturbatively
massless axions has changed. Axions are topologically classified and so the fact that they
changed is a four-dimensional probe of the ten-dimensional topology difference. Second, the
four-dimensional solution had the property that a parametric separation of scales between the
anti de-Sitter radius and the Kaluza-Klein radius can be achieved [205]. This means it could be
treated as effectively four-dimensional. On the other hand, the ten-dimensional solution has no
28These are the type of changes associated to fluxes, and indeed the relation in the type IIB dual is such that
the S3 × S3 is dual to T 2 × T 2 × T 2 with H-flux turned on [193,211].
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such parametric separation. It is therefore not truly four-dimensional but rather can be thought
of as an effective theory for a consistent truncation of modes.
It is worth noting that the S3 × S3 solution is special in that it is a compactification to
four dimensions where all the moduli are stabilized and there is an exact ten-dimensional uplift.
There are a few other such compactifications in type IIA. The first example was studied in [208],
which was the coset SU(3)U(1)×U(1) . Other type IIA cosets were studied in [197,203,212], and in [196]
more general group manifolds were studied. In [213] a similar procedure was performed for
M-theory compactifications on the cosets SO(5)SO(3) and
SU(3)×U(1)
U(1)×U(1) .
4.4 Type IIB Compactification on Calabi-Yau orientifolds
In section 4.3 we considered compactifications of type IIA string theory on simple manifolds.
A much larger class, of Ricci flat manifolds are Calabi-Yau manifolds. See [214, 215] for an
introduction. Moduli stabilization in compactifications on Calabi-Yau manifolds of type IIA
in the presence of fluxes were studied in [205], and in a qualitatively different setup in [216].
The effective action for compactifications of type IIA on Calabi-Yau orientifolds was derived
in [198, 204], and the general expressions (4.29) and (4.39) continue to hold. However, the
number of moduli fields can vary significantly. More precisely, the number of Ka¨hler moduli is
counted by the number of two-cycles in the Calabi-Yau which corresponds to the Hodge number
h(1,1), and the number of complex-structure moduli is counted by the number of three-cycles, or
more precisely by the Hodge number h(2,1). Further, the functional form of the Ω three-form
can be very complicated. As in the simple T 6 case, Calabi-Yau manifold compactifications in
type IIA do not solve the ten-dimensional equations of motion, and a similar issue with the
local Bianchi identity arises [202]. We therefore expect that the qualitative behaviour of such
solutions is not completely different to the simple cases studied in section 4.3.
While the type IIA picture allows for simple scenarios of moduli stabilization, by far the most
attention has been given to type IIB compactifications. This is because while they are more
complicated, and arguably under less good control, they exhibit a rich spectrum of physically
interesting possibilities. Compactifications of type IIB on Calabi-Yau manifolds will form the
focus of this section. There exist a number of good reviews on such compactifications, see in
particular [186], and so we will be relatively brief.
4.4.1 The 10-dimensional solution with fluxes
There is no currently known ten-dimensional solution analogous to the one in section 4.3.2 for
type IIB compactifications which exhibits complete moduli stabilization for some manifolds.
Instead, there is a solution for which the Ka¨hler moduli are classically flat directions, but the
complex-structure moduli are fixed. This is the famous Giddings-Kachru-Polchinski (GKP)
solution [217].29 The solution involves background fluxes for the field strengths F5, F3 and H3.
The metric takes the forms of a warped product
ds2 = e2Aηµνdx
µdxν + e−2Ag˜mndymdyn , (4.59)
where the xµ are external coordinates, while the yn are internal ones. The scalar function A is
called a warp factor and is a function of the internal coordinates. In general, the solution will
29See [218–220] for some predecessors.
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involve dilaton gradients, and so is best understood in the context of F-theory [221], or more
precisely in terms of the M-theory solution [222]. However, in the weak coupling type IIB limit,
it was shown that the internal manifold is conformally Calabi-Yau, which means the metric
only differs from a Calabi-Yau metric by the warp factor. This is an extremely powerful result
because we know how to construct a huge range of Calabi-Yau manifolds. It sits in contrast to
the ten-dimensional solution for type IIA in section 4.3.2 for which Calabi-Yau manifolds are
not a solution.
A crucial part in the solution is played by the axio-dilaton
S = C0 + ie
−φ , (4.60)
where φ is the ten-dimensional dilaton. Which combines with the three-form fluxes into
G3 ≡ F3 − SH3 . (4.61)
The ten-dimensional solution is such that it requires G3 to satisfy an imaginary-self-dual (ISD)
condition
? G3 = iG3 . (4.62)
Here the Hodge star is associated to the internal manifold metric. The ISD condition (4.62)
implies that if the flux background is fixed, then there is a constraint on the metric. This
constraint is the ten-dimensional realization of moduli stabilization of the complex-structure
moduli.
Since the Ricci-flat metric on a Calabi-Yau manifold is not known explicitly, the GKP
solution similarly is not explicit. However, in certain limits in the Calabi-Yau complex-structure
moduli space, specifically the conifold limit where a three-cycle shrinks to small size, there does
exist a local solution for which the metric is explicitly known. This is the Kelbanov-Strassler
(KS) solution [223]. More precisely, the KS solution is a non-compact solution of type IIB
supergravity, which is then expected to flow into the compact Calabi-Yau GKP solution. Since
the three-cycle size corresponds to a complex-structure modulus, it is determined by fluxes
through the ISD condition (4.62). A particularly interesting feature of this is that the fluxes can
fix the cycle size to be exponentially small in the flux. Denoting the cycle size by z, the F3 flux
through it by M , and the H3 flux through the symplectic dual three-cycle by −K, on finds [217]
z ∼ e− 2piKgsM , (4.63)
where gs = e
φ is the string coupling. The KS solution is then such that the warp factor is
proportional to the three-cycle size, and this means that it is also exponential in the fluxes in
the local region near the small three-cycle
e−4A ∼ e 8piKgsM . (4.64)
This means that the region in the Calabi-Yau near the small three-cycle becomes strongly
warped and stretches out into a type of throat. Since the warp factor effects the four-dimensional
metric, it implies that all energy scales are warped down along with it. This is a string theory
version of the scenario [224], and means that at the bottom of the KS throat scales such as the
string scale and Kaluza-Klein scale become exponentially small, see for example [225] for an
analysis of this. This is illustrated in figure 29.
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Figure 29: Figure illustrating a warped Calabi-Yau with flux in type IIB string theory. If
the fluxes are chosen such that a three-cycle becomes exponentially small then the Calabi-Yau
develops a long warped throat. All energy scales are warped down in the bottom of the throat,
including the string scale. Since there are many three-cycles in the Calabi-Yau, there may be
many such throats of different lengths.
4.4.2 Four-dimensional effective theory
We consider now the four-dimensional effective theory from flux compactifications in IIB which is
valid in the bulk of the Calabi-Yau, so away from the strongly warped throats. We will therefore
neglect the warping, and refer to [226], and follow-up work, for studies of its effects on the
effective theory. The Ka¨hler potential and superpotential take the general form [217,227,228]
K = −2 log
[∫
M6
J ∧ J ∧ J
]
− log
[
i
∫
M6
Ω ∧ Ω
]
− log [−i (S − S)]
W =
∫
M6
G3 ∧ Ω . (4.65)
The Ka¨hler moduli superfields Ti take the form
Ti = τi + iνi , (4.66)
where τi are volumes of four-cycles C4i , as measured by
∫
C4i J∧J , while the νi arise from reduction
of the Ramond-Ramond C4 on the same four-cycles. They are counted by the Hodge number
h(2,2). The complex-structure moduli fields are denoted za and come from the expansion of the
holomorphic three-form Ω, they are counted by the Hodge number h(2,1). We refer to [228–231]
for more details on the type IIB effective four dimensional theory.
The ten-dimensional solution discussed in section 4.4.1 was such that the complex-structure
of the Calabi-Yau is fixed through the imaginary-self-dual condition (4.62), while the Ka¨hler
moduli are classically unfixed amounting to an overall rescaling symmetry of the solution. This
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is manifest in the four-dimensional theory because the superpotential (4.65) only depends on
the complex-structure moduli. Consider the supergravity scalar potential (4.10), because of the
split of the Ka¨hler potential between the different moduli (4.65), the sum over the supergravity
fields splits into three contributions
V = eK
 gab¯DaWDbW︸ ︷︷ ︸
complex−structure moduli
+ gSS¯DSWDSW︸ ︷︷ ︸
dilaton
+ gij¯DiWDjW︸ ︷︷ ︸
Kahler moduli
−3 |W |2
 . (4.67)
The Ka¨hler moduli do not appear in the superpotential, and further they satisfy an identity
[186,228] gijKiKj = 3, which means that the scalar potential takes the so-called no-scale form
V = eK
[
gab¯DaWDbW + g
SS¯DSWDSW
]
. (4.68)
The potential is positive definite, which means that the solution to four-dimensional flat space,
as in section 4.4.1, should satisfy
DaW = DSW = 0 . (4.69)
In the vacuum therefore, the Ka¨hler moduli completely drop out of the potential and are
classically flat directions. It is also possible to check that the equations (4.69) match onto the
imaginary-self-dual condition (4.62). We therefore find that the four-dimensional effective theory
matches at the classical level the ten-dimensional solution quite well away from the warped
regions, not as precisely or as explicitly as the one studied in section 4.3.4, but this is expected
given its vastly more complicated nature.
Note that the equations (4.69) are the supersymmetry equations for the complex-structure
moduli and dilaton. The supersymmetry equations for the Ka¨hler moduli are (DiK)W = 0.
Therefore we see that whether supersymmetry is broken or preserved depends on the value of
the superpotential in the vacuum, as fixed by (4.69)
W0 = 〈W 〉 . (4.70)
If W0 = 0 then the vacuum is supersymmetric, otherwise supersymmetry is broken.
Since the Ka¨hler moduli are flat directions at leading order, their potential is dominated
by the sub-leading corrections. A clear analysis of these is presented in [232]. The corrections
come from quantum effects, controlled by the string coupling, and higher derivative terms in the
supergravity action. The Ka¨hler potential receives all types of corrections, but the superpotential
only receives non-perturbative quantum corrections. Therefore, we can write
K = Ktree +Kpert , W = Wtree +Wnon−pert . (4.71)
Now inserting this into the supergravity formula for the scalar potential, we find
V = Vtree +W
2
0Kpert +W0Wnon−pert + ... . (4.72)
We therefore observe that there are two possibilities
W0  Wnon−pert
Kpert
, (4.73)
W0  Wnon−pert
Kpert
. (4.74)
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The first case (4.74) leads to Ka¨hler moduli stabilisation within the Kachru-Kallosh-Linde-Trivedi
(KKLT) scenario [233]. The second case (4.74) leads to Ka¨hler moduli stabilisation within the
Large Volume Scenario (LVS) [234].
In any moduli stabilisation scenario the non-perturbative superpotential for Ka¨hler moduli
plays a crucial role. The Ka¨hler moduli superfields appear in the superpotential as
W = WG (z) +
∑
M
AM (z) e
−2piaiMTi . (4.75)
Here WG (z) corresponds to the superpotential involving the complex-structure moduli (4.65).
The sum over the index M accounts for the various possible non-perturbative contributions to
the superpotential. The exponential form in the Ka¨hler moduli superfields is fixed due to the
required unbroken discrete shift symmetry of the axionic component of the superfield νi coming
form the Ramond-Ramond four-form. The aiM are constant factors in the exponent whose form
depends on the effect leading to the potential. There are two such possibilities, one is coming
from instanton effects. These are D3 branes that are wrapping the four-cycles associated to
the Ka¨hler moduli [235]. In that case the aiM are the wrapping numbers of the instanton on
the various four-cycles in the Calabi-Yau. See [236] for a review of instanton effects in type II
string theory. The other possible effect is gaugino condensation on D7 branes that are wrapping
the associated four-cycles leading to a non-Abelian gauge theory in four dimensions. In that
case the non-perturbative potential is the Affleck-Dine-Seiberg superpotential [237], and the a
associated to it would be the N−1c where Nc is the number of D7 branes wrapping the four-cycle
(or equivalently the rank of the SU(Nc) gauge group). The pre-factors AM (z) will in general
depend on the complex-structure moduli. Calculating them is very difficult as they are related
to certain one-loop calculations.
Because the Ka¨hler moduli are only fixed by quantum effects, it is often the case that they
are treated within an effective theory where the complex-structure moduli have already been
fixed by the potential (4.65) and are integrated out leaving an effective constant contribution to
the superpotential (4.70). In that case one works with an effective Ka¨hler and superpotential of
the form
Keff = −3 log
(
T + T
)
,
Weff = W0 +Ae
−2piaT . (4.76)
The Ka¨hler potential is just the restriction of (4.65) where we consider a single Ka¨hler modulus
for simplicity. In the KKLT scenario we then have a requirement that W0 be sufficiently small
such that W0 ∼ Ae−2piaT while still maintaining the geometric regime Re T  1. More precisely,
in [238] it was argued that one requires(
log |W0|−1
2pik
)
 1 , (4.77)
where k is a constant parameter which increases with the number of Ka¨hler moduli (at least as
large as h(1,1)). That means that we require an exponentially small W0. Since the superpotential
(4.65) contains quantized fluxes, such a small W0 can only be generated by some very tuned
cancelling between many numbers which are of order one. While it seems difficult to achieve
such a tuning, the idea is that because there may be a very large number of flux choices, two
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fluxes F and H for each three-cycle class in the Calabi-Yau, there will exist some flux choice
which will allow for this. In practice, this is rather difficult to show explicitly. In [238] an explicit
flux choice was shown to lead to W0 ∼ 10−2. However, it was also argued that statistically one
expects sufficiently small W0 to be possible given enough complex-structure moduli, although
they are unlikely to be fixed near the large complex-structure limit, which means calculating
this explicitly is non-trivial.30
If we do not want to assume the existence of a sufficiently tuned W0, then the possibility
(4.74) is more natural and one then is lead to the Large Volume Scenario [234]. If we consider
working in the effective theory where the complex-structure moduli and dilaton are integrated
out, then the Large Volume Scenario is based on an effective theory with
Keff = −2 log
[(
Tb + T b
) 3
2 − (Ts + T s) 32 + ξ
2g
3
2
s
]
,
Weff = W0 +Abe
−2piabTb +Ase−2piasTs . (4.78)
It is a theory with two Ka¨hler moduli in superfields Tb and Ts, and the volume of the Calabi-Yau
takes a particular form such that the resulting Ka¨hler potential is as in (4.78). The last term
in the Ka¨hler potential comes from (a supersymmetric completion of) the R4 term in the
ten-dimensional theory [241]. The constant ξ is of order one and is fixed by the Euler number
of the Calabi-Yau. After fixing the axionic direction νs, the scalar potential for this effective
theory takes the form [234]
V =
λ
√
τse
−4piasτs
V −
µτse
−2piasτs
V2 +
ν
V3 . (4.79)
where V ∼ τ
3
2
b − τ
3
2
s is the Calabi-Yau volume, and λ, µ and ν are order one constants. It
was then shown that this potential has a minimum which leads to a non-supersymmetric anti
de-Sitter vacuum where the Ka¨hler moduli are fixed as
τs ∼
(
4νλ
µ2
) 2
3
, V ∼ µ
2λ
(
4νλ
µ2
) 1
3
e
2pias
(
4νλ
µ2
) 2
3
. (4.80)
The striking point being that the Calabi-Yau volume is exponentially large, leading to the name
Large Volume Scenario. Note that there are a number of variants on this basic scenario, see for
example [242].
The Large Volume Scenario avoids the fine tuning requirement on W0 of KKLT. This comes
at the price of being less generic, in that it cannot be applied to every Calabi-Yau. A more
difficult issue is that it relies fundamentally on the leading perturbative corrections to the scalar
potential taking the form as in (4.79). In particular, in (4.79) there are no terms which behave
as V−1 or V−2 without also the exponential factor in τs. Since V is exponentially large, these
terms would dominate over the last term in (4.79) and may substantially modify the result. In
the presence of N = 2 supersymmetry, it is known that such corrections are absent [241], and
this motivates the original proposal. In a general non-supersymmetric, or N = 1 setting, there
is no local symmetry forbidding such terms. It therefore remains an open problem to show that
30See [137,239,240] for alternative suggestions on how to construct exponentially small W0 near the conifold
locus.
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these terms are absent in general. However, no such dangerous leading terms have been found
in string theory so far, despite extensive attempts to understand them quantitatively, see for
example [242–258]. It therefore may be that such leading terms are forbidden, or sufficiently
suppressed, in string theory due to some as yet unknown reason, or simply that they have not
been calculated due to the technical difficulty of the problem.
The Large Volume Scenario is also a good setting to exhibit an important property of type
IIB compactifications relative to the type IIA scenarios which can be lifted to ten-dimensional
solutions as studied in section 4.3.4. It is possible to parametrically separate the anti de-Sitter
scale from the Kaluza-Klein. The Kaluza-Klein radius behaves with the volume as V 16 , while
the potential (4.79) goes as V−3 and so leads to an anti de-Sitter radius of V 32 .
This completes the very brief summary of moduli stabilisation in type IIB, although we
will return to the issue of de Sitter vacua in section 7.3. There are a number of other possible
moduli stabilisation scenarios, but we will not discuss them here and refer to the cited reviews.
It is clear that the account was much less explicit than the type IIA case in section 4.3. This is
a manifestation of the general statement that moduli stabilisation in type IIB string theory is
much more complicated than in type IIA. On the other hand, the type IIB setting offers a richer
set of possible scenarios. It is worth noting however that it is also possible to realize in type IIA
KKLT and LVS type scenarios [216]. The implications for studies of the Swampland are that
the richer settings in type IIB allow for a wider range of tests of the Swampland. This will be
particularly central to the discussion regarding de Sitter vacua. This comes at the cost of having
a less clear connection to the underlying string theory, and so introduces the recurring question
of whether these settings are really probing the nature of string theory or string-motivated
effective quantum field theories.
A significant step towards understanding better these vacua would be to uplift them to
higher-dimensional solutions. No such uplifts are known, and attempts at doing so is a rather
difficult field which we will not review in detail here. There are some interesting general results
we should mention. Consider the supersymmetric anti-de Sitter KKLT vacuum. If we place a
spacetime-filling D3 brane at some point in the internal extra dimensions it will feel a potential.
This can be understood in a number of ways, see for example [259–261]. The fact that D3 branes
feel a potential can be used to deduce some general statements about the internal manifold,
for example it cannot be Calabi-Yau. Rather, it should be a manifold with SU(3) × SU(3)
structure group [260]. Ideally, the solutions would actually be uplifted to an F-theory, or more
precisely an M-theory setup, in the same sense that [222] is an uplift to M-theory of the solution
of [217]. One can use the existence of a D3 potential to constrain properties of such solutions.
In the M-theory setup this would imply that spacetime-filling M2 branes would feel a potential
in compactifications of M-theory to three dimensions. The consequences of this requirement
were studied in [262].
Finally, we note that moduli stabilisation in the Heterotic string may be possible on
manifolds which are not Calabi-Yau. However, there is no analogue of the Calabi-Yau with fluxes
compactification, and the group manifold constructions are difficult to uplift to ten-dimensional
solutions. See [263–265] for the cutting edge in Heterotic moduli stabilisation.
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4.4.3 The Racetrack Scenario
The racetrack moduli stabilisation scheme [266–270] is a variation on the KKLT setup (4.76),
but where one considers W0 = 0, and two or more non-perturbative effects. It is much older
than the KKLT proposal, and is also a somewhat universal mechanism, in that it can be used in
any of the string theories (or M-theory). The simplest racetrack scenario, for a single modulus
S, considers a superpotential with two non-perturbative effects
W = Ae−
2piS
N +Be−
2piS
M . (4.81)
This superpotential can, for example, be induced by gaugino condensation of an SU(N)×SU(M)
gauge theory. It has a supersymmetric minimum at
S =
NM
M −N log
(
−MB
NA
)
. (4.82)
The idea is then to consider NM  (M −N) so that the modulus is fixed in a perturbative
regime where other corrections may be sufficiently controlled.
The racetrack scenario is powerful due to its versatility, but is rather difficult to realize
explicitly and in a controlled way. It is almost completely four-dimensional in nature and its
ten-dimensional uplift is therefore even more difficult to establish than the KKLT setting. Note
that it is possible also to consider a combination of the racetrack and KKLT scenarios, see for
example [271].
4.5 The Weak Gravity Conjecture in type II string theory
Most of the work on testing the various versions of the Weak Gravity Conjecture has been
performed in the type II string theory setting. In fact, most of the work has been on understanding
the axionic version of the Weak Gravity Conjecture (3.70). We will discuss this in section 4.5.3,
but first we consider the U(1) version. In type II string theories there are two types of U(1)
symmetries, those coming from closed-strings and those supported on D-branes, which we will
refer to as open-string U(1)s. At strong coupling, like in M-theory or F-theory, this distinction
becomes less clear but for perturbative string theories it is a useful split.
4.5.1 Closed-string U(1)s
The closed-string U(1)s which come from the NS-NS sector, so the metric and Kalb-Ramond
field, lead to similar physics to that studied in sections 2.3 and 4.1. The states charged under
them are Kaluza-Klein and Winding modes, or in the context of the Heterotic string also
oscillator modes. In type II string theory there are also U(1)s which come from the RR sector.
This means they are associated to the anti-symmetric C(p)-forms in table 4.1, dimensionally
reduced using the appropriate internal forms to yield gauge fields in four dimensions. The
charged particles under these U(1)s are non-perturbative states in string theory, specifically
D-branes wrapping cycles. Note that this shows that the Weak Gravity Conjecture is really
a statement about non-perturbative quantum gravity, it is violated in perturbative string
theory. Studies of the Weak Gravity Conjecture in the context of closed-string U(1)s were made
in [31,102,107,112,133,136,142,190,272]. Note that some of these can also be considered studies
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of open-string U(1)s, as considered in section 4.5.2, because at strong coupling the distinction
becomes rather blurred. In keeping with the theme of this review, we will study some simple
explicit example cases as an illustration of general principles.
Let us consider the simple case of T
6
Z2×Z2 as studied in section 4.3.1. Like in that section,
we will not consider necessarily orbifolding by the Z2 × Z2 symmetry, but just utilize it as a
consistent truncation of the theory to states respecting it. For now we will also not impose the
orientifold projection.
In the type IIA case we can consider the RR forms C(1) and C(3). The former gives rise to
a U(1) upon restricting the index to four dimensions, while the latter leads to multiple U(1)s
from an expansion in the two-forms (4.15), so we obtain four U(1) gauge fields
C(1) = A0 , C(3) = Ai ∧ ωi . (4.83)
To obtain the gauge couplings of the U(1)s we can dimensionally reduce the ten-dimensional
action, including the kinetic terms for the RR fields, this yields (see, for example [273])
S4DIIA =
∫ √−g [R
2
−
3∑
i=1
1
4
(
∂ log ti
)2 − 3∑
i=1
1
4 (ti)2
(
∂vi
)2
− t
1t2t3
4
∣∣F 0∣∣2 − t2t3
4t1
∣∣F 1∣∣2 − t1t3
4t2
∣∣F 2∣∣2 − t1t2
4t3
∣∣F 3∣∣2] . (4.84)
Here we have taken the moduli fields as defined in (4.27), and only focused on the Ka¨hler moduli
and axions. The field strengths are defined as F 0 = dA0 and F i = dAi, with Hodge duals F˜ i.
We have set the axion expectation values to vanish for simplicity, vi = 0.
Note that, as in previous cases, the gauge couplings are exponential in the canonically
normalised fields. The charged states under A0 are D6-branes wrapping the whole torus, while
under Ai they are D4 branes wrapping the cycles Ci defined as
∫
Ci ωj = δij . This can be seen by
reducing the DBI and CS action components for Dp-branes (see [274] for example)
SDBI = −Tp
∫
Σp+1
dp+1ξ
√
−det (G+B + 2piα′F) ,
SCS = −Tp
∫
Σp+1
(∑
k
C(k)
)
Exp
[
2piα′F +B] , (4.85)
where Σp+1 is the world-volume of the D-brane, G is the pullback of the metric to the brane,
B the pullback of the Kalb-Ramond form, and F is any world-volume gauge flux. The results
can be readily seen, the DBI term yields the volume of the cycle wrapped by the D-brane, and
going to the Einstein frame yields a further volume factor
(
t1t2t3
)− 1
2 , so in Planck units the
mass is given by
m2D6 = t
1t2t3 , m2D41 =
t2t3
t1
, m2D42 =
t1t3
t2
, m2D43 =
t1t2
t3
,
m2D0 =
1
t1t2t3
, m2D21 =
t1
t2t3
, m2D22 =
t2
t1t3
, m2D23 =
t3
t1t2
. (4.86)
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We can therefore identify the electric and magnetic states and see that they indeed satisfy
the Weak Gravity Conjecture.31 In fact, the wrapped branes are actually BPS states, and so
saturate the inequality.
It is interesting to note that making the torus cycles large ti →∞, goes to weak coupling.
Then, perhaps surprisingly, the states which become light are D2 branes which are wrapping the
large cycles. This shows that it is crucial to always go to the Einstein frame when evaluating
the Weak Gravity Conjecture. Then we can understand that while the intuition that D2 branes
wrapping large cycles should be massive is correct, also gravity becomes weaker for larger
extra dimensions, and it does so at a faster rate than the D2 brane states become massive. So
effectively, keeping the Planck mass constant, the wrapped D2 branes become light.
The expressions for the masses (4.86) are true for single wrapped branes. But they actually
set the mass scale for a tower of states which are composed of bound states of branes. We can
focus on the electric D0 and D2 states. Bound states of multiple D0 branes are expected to
exist in type IIA string theory, indeed they should form the Kaluza-Klein modes for the uplift
to M-theory [275]. It is possible to also argue for them more precisely (see for example [274]) by
giving such a bound state momentum along an adjacent circle in the torus, and then T-dualising
along that circle. The D0-D0 bound state then becomes a D1-F1 bound state, which are strings
known to exist in type IIB string theory. The D2-D2 bound states can then be argued for by
T-dualising the D0-D0 ones along two directions. D2-D0 bound states are particularly interesting.
We can consider a single D2-brane and n D0-branes. Now looking at the Chern-Simons action
for D-branes (4.85) we note that in the presence of non-vanishing world-volume flux a D2 brane
couples to C(1), which is the field sourced by D0 branes. This is a manifestation of the fact
that a D2-D0 bound state is non-supersymmetric and undergoes a transition where the D0
dissolves into one unit of world-volume flux on the D2 brane. So a bound state with n D0 branes
corresponds to a D2 brane with n units of worldvolume flux. We therefore see that indeed
there are infinite towers of states starting at the Weak Gravity Conjecture scale, along the lines
discussed in section 3.5.6 and in [7–9,31,104].
The setting we considered is toroidal, which allows for a simple identification of the ap-
propriate wrapped D-brane states. In more complicated settings, especially preserving N ≤ 2
supersymmetry, identifying a tower of states is very difficult in general. Already for N = 2 the
spectrum of half-BPS states in the theory (supersymmetric wrapped branes) depends on the
position in moduli space. However, we will utilize a useful and general technique in section
4.7 that will allow to identify such a tower even for complicated geometries [31]. The physics
of it will actually play an important role throughout much of this review and so it is worth
discussing in this simple setting first. In the action (4.84) the fields vi, coming from reduction
of the Kalb-Ramond form (4.15), are classically flat directions. At the quantum level they are
lifted by worldsheet instanton corrections to the Ka¨hler potential, and so are actually periodic
axions in the large volume regime ti  1. Now consider the D-brane actions (4.85). We see
that if we shift the axions by a period, the B-field shifts, but the gauge invariant combination
which appears is 2piα′F +B. This means that the physics of a discrete B-field shift is the same
as that of turning on worldvolume flux F , which is the same as inducing D0 charge on a D2
brane. Then there is a special tower of states, namely one D2 brane with n dissolved D0 branes,
whose charges are generated by axion shifts from a single state, the un-fluxed D2 brane. We
31Note that since we have dilatonic couplings we should utilize the appropriately modified Weak Gravity
Conjecture as in section 3.5.4.
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can denote set of charges in this tower a monodromy orbit [31].32 The important point is that
the monodromy structure generalizes to complicated geometries, essentially since axions are
topological in nature, and so the tower associated to monodromy orbits will be accessible in
general. Indeed, type IIA on an arbitrary Calabi-Yau manifold, rather than a torus, was studied
in [276] using these techniques.
Note that there are also other types of towers of states associated with the Weak Gravity
Conjecture scale, specifically Kaluza-Klein modes. For a homogenous torus t1 = t2 = t3 = R
2
α′
their mass behaves as mKK ∼ 1(RMs)3
1
(RMs)
(where we utilized (4.90)). Comparing with (4.86)
we see that the Kaluza-Klein tower is actually lighter than the wrapped D-branes. This is
common in the Swampland, typically there are multiple towers of states becoming light at weak
couplings or large distances. However, the Kaluza-Klein modes are not charged under the U(1)
symmetries, and so are less relevant from the perspective of the Weak Gravity Conjecture.
Let us consider the simple deformations of the toroidal setting discussed in section 4.3. First
we note that imposing the orientifold projection (4.25) actually projects out the gauge fields.
This is not a general property of type IIA orientifold compactifications, but due to the fact that
there are no orientifold even two-forms in this particular toroidal setting. Let us therefore not
impose the orientifold projection, and instead consider the map T 2 × T 2 × T 2 → S3 × S3, as in
section 4.3.4. In the S3 × S3 theory, there are no even-dimensional cycles for the D-branes to
wrap. There are still two-forms, to reduce the C(3) field to give gauge fields, and so it might
appear that there is a puzzle from the perspective of the Weak Gravity Conjecture. However,
without the orientifold projection there are also new axion fields coming from the expansion of
C(3) in the three-forms
C(3) ⊃ θ0β0 + θiβi . (4.87)
From the differential relations (4.52) we see that the 10-dimensional kinetic term for C(3) takes
the form
d10
(
θ0β
0 + θiβ
i +Ai ∧ ωi
)
, (4.88)
where d10 denotes the 10-dimensional exterior derivative. By splitting the exterior derivative
into its four-dimensional and internal parts d10 = ∂4 + d, we can write (4.88) as(
∂4θ0 + aA
1 + aA2 + aA3
)
β0
+
(
∂4θ1 + bA
1 − bA2 − bA3)β1
+
(
∂4θ2 − bA1 + bA2 − bA3
)
β2
+
(
∂4θ3 − bA1 − bA2 + bA3
)
β3 . (4.89)
These kinetic terms are actually Stu¨ckelberg mass terms for the three gauge fields. Three
of the θ axions are eaten to give a mass to the gauge fields, while the last remaining axion
is associated with one linear combination of the two S3s. We therefore see that the map
T 2 × T 2 × T 2 → S3 × S3 removed the wrapped D-brane states but also at the same time broke
the U(1) gauge symmetries, retaining consistency with the Weak Gravity Conjecture. In fact,
this Stu¨ckelberg breaking could have led to a remnant discrete symmetry, in which case one
could have identified appropriate states charged under this discrete gauge symmetry. This is a
32Actually, as discussed in [31], the argument holds even for multiple D2 branes, and states associated to
non-Abelian bundles on them, because the axion shifts are always tensoring the bundle by a line-bundle which
preserves the stability of the bundle at large volume.
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simple example of a general relation in string theory between geometry, gauge fields and charged
states, which has been studied in great detail, see [277–286] for example. It is worth noting that
there is a mirror version of this story in type IIB associated with turning on H-flux.
We will return to the Weak Gravity Conjecture for closed-string U(1)s in section 4.7 in the
context of the Swampland Distance Conjecture with N = 2 supersymmetry.
4.5.2 Open-string U(1)s
Recall that we denote the U(1) gauge symmetries that are supported on D-branes as open-string
U(1)s. This is because the objects charged under them are open strings ending on the D-branes.
Consider a compactification of type IIA/B string theory on R1,(9−n) × Tn, where the torus
is taken to have all equal radii circles with radius R. Then a U(1) gauge symmetry can be
induced by a Dp-brane with p ≥ 9− n which is filling the non-compact spacetime. Consider
two D-branes, labelled A and B, then a fundamental open string stretching between them has
charge +1 under the U(1)A and −1 under U(1)B. See [6, 274,287,288] for a review on spectra
of strings on branes. The first way we could try to violate the electric Weak Gravity Conjecture
(3.6) is to take a single spacetime filling D-brane. In that case a fundamental string with both
ends ending on the brane will only lead to a U(1) neutral state. However, such a setting is
actually not consistent because D-branes source R-R fields, and the brane therefore acts as a
positive charge in the compact Tn without any negative charges to act as sinks for the R-R
fields. One way to solve this is to add an anti-brane, however this will lead to an unstable
configuration where the branes will annihilate against each other into closed strings. A stable
way to introduce negative charges is through orientifold planes. However, then there will be
unoriented strings in the spectrum, which can be thought of as stretching from the D-brane to
its image under the orientifold involution, with charge 2 under the U(1).
We can attempt to violate the Weak Gravity Conjecture by moving the D-brane away from
the orientifold, the string would then stretch over some spatial distance making it massive,
while its charge would remain constant. However, the distance of separation is limited by the
radius of the compact extra dimensions R and so the maximum mass for the string state is
m ∼ (RMs)Ms. On the other hand, making the extra dimensions larger reduces the strength of
gravity. It can be checked that this effect always counters the increased mass of the string as
long as n > 2 [5]. We will return to the interesting n ≤ 2 cases below, but first let us look at the
four-dimensional spacetime example, so n = 6. In that case the spacetime filling brane is a D3
brane and its gauge coupling is g =
√
gs, where gs is the string coupling. The relation between
the string scale and the Planck scale can be most easily deduced by examining the Ricci scalar
pre-factor in direct dimensional reduction of the action (2.68) with D = 10
M2s g
−2
s (RMs)
6 ∼M2p . (4.90)
The stretched string mass is then
m2 ∼ (RMs)2M2s ∼
g2sM
2
p
(RMs)
4 . (4.91)
The Weak Gravity Conjecture ratio is therefore
m2
g2M2p
∼ gs
(RMs)
4 . (4.92)
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Figure 30: Figure illustrating the Weak Gravity Conjecture for U(1) gauge symmetries realized
on spacetime filling branes. The mass of the charged state is bounded by the maximum separation
distance between the branes. Increasing the radius of the extra dimensions allows this mass to
increase as measured in string units. However, gravity propagates in the extra dimension and
so becomes weaker as they increase in size. The mass of the particle in Planck units therefore
actually decreases, and the Weak Gravity Conjecture is satisfied for any radius larger than the
string scale.
The controlled weak-coupling geometric regime is gs  1 and RMs  1, and therefore we see
that the Weak Gravity Conjecture is satisfied. The general physics of this is illustrated in figure
30.
The case of n = 2 is such that the Weak Gravity Conjecture bound is independent of R at
leading order, and therefore checks would need to rely on calculating the order one factors. This
is particularly difficult because a co-dimension two object will induce a backreaction on the
metric which does not die off but increases logarithmically, and this would have to be accounted
for in such a calculation. The case n = 1 is interesting since it is the only one where the
dependence on R is such that for large radius the Weak Gravity Conjecture is naively violated.
The backreaction on the space is extremely strong though, and so one should consider the full
solution. In [5] a rough analysis of this was done by considering a D3 brane as sourcing an
AdS5 ×X where X is some internal space. This is matching onto the case of a stack of N D3
branes leading to AdS5 × S5. Then the Weak Gravity Conjecture implies that the AdS radius
LAdS must not be larger than the radius of the internal space RX . This is an interesting, since
in section 4.3.4 we saw that in compactifications of string theory to AdS4 which are upliftable
to local 10-dimensional solution indeed there is no such separation of scales. The same is true
for AdS5 × S5 compactifications. We will return to this point in section 7.3.3.
We saw that the electric Weak Gravity Conjecture (3.6) can be argued to hold quite generally
for open-string U(1)s. More difficult to see is how the tower of states associated with the
magnetic Weak Gravity Conjecture scale (3.7) manifests for open-string U(1)s. In the heterotic
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string case studied in section 4.1, the string oscillator modes had increasing charges with respect
to the U(1). This is not the case for fundamental strings in type II where the oscillator modes
have the same charge under the D-brane U(1)s. Instead, the appropriate states should be non-
perturbative in nature. This matches the duality picture since type I or II - Heterotic duality
is a strong-weak coupling duality. One of the most powerful ways to treat non-perturbative
type II string theory is through its uplift to M-theory (for type IIA) and F-theory (for type
IIB). We refer to [289–291] for some reviews on this uplift. Indeed, under such an uplift the
open-string U(1)s are seen to originate from the M-theory three-form C(3), with charged objects
being wrapped M2-branes. This unifies them with the closed-string U(1)s studied in section
4.5.1, and a similar analysis of wrapped branes can be made.
Such an analysis was performed in the context of the Weak Gravity Conjecture in [102,107,
190]. It was shown that indeed at weak coupling g → 0, and infinite tower of states becomes light
with a characteristic mass scale of m ∼ g. The core idea of the physics is as follows. Consider a
D7-brane in type IIB string theory filling six-dimensional spacetime, and wrapping a 2-cycle in
the extra dimensions. The D7 gauge coupling depends on the size of the cycle that it is wrapping,
and going to weak coupling means making the cycle large. However, in considering the Weak
Gravity Conjecture, we would like to work in Planck units which for a fixed string scale means
keeping the volume of the extra dimensions constant. This means that some other 2-cycle in
the extra dimensions has to become small at the same time. Now one can consider a D3 brane
wrapping this small cycle, and this would then give rise to an effective string whose tension
is controlled by the 2-cycle volume, and so is light. Uplifting this configuration to F-theory,
the dilaton of type IIB is geometrized into an additional 2-cycle, and the wrapped D3 brane is
uplifted to a wrapped M5-brane (in the M-theory dual). The light string is then nothing but the
Heterotic string, and the tower of charged states due to the Heterotic oscillators is then mapped
this way to type IIB. This scenario is illustrated in figure 31. In [107] the four-dimensional
version of this analysis was performed. A notable point is that in the six-dimensional case the
sub-Lattice Weak Gravity Conjecture, see section 3.5.6, was satisfied by the tower of states, but
in four dimensions it was found that the tower of charged states did not form a lattice.
While most of the explicit tests of the Weak Gravity Conjecture in string theory have been
performed with some supersymmetry preserved at the string or Kaluza-Klein scale, some settings
with a high scale of supersymmetry breaking were studied in the context of type I string theory
in [292]. There it was argued that the Weak Gravity Conjecture may be violated at tree-level,
but loop corrections take the form such that it is respected at the quantum level provided the
string coupling is not too small.
4.5.3 Closed-string Axions
Most work on the Weak Gravity Conjecture in string theory has been performed in the context
of the axionic version discussed in section 3.5.8. This is mostly due to the fact that this is
the relevant version of the Weak Gravity Conjecture in relation to inflation, specifically in the
context of natural inflation [177]. Let us consider the simple setup of type IIA string theory
on T 6 studied in section 4.3.1 as a starting point. The bosonic components of the superfields
are given by (4.28). The Ka¨hler potential (4.30) does not involve the imaginary parts of the
superfields, and so since the superpotential is vanishing, these fields enjoy a classical shift
symmetry. This symmetry is broken at the quantum level by non-perturbative effects. These can
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Figure 31: Figure illustrating the tower of charged states for a U(1) on a D7-brane in type
IIB as studied in [102, 107, 190]. Going to weak gauge coupling implies making a cycle large,
which for fixed extra-dimensional volume means a different cycle becomes small. A D3-brane
wrapping this small cycle gives rise to a light string, which is actually the fundamental Heterotic
string. The tower of charged states are then the oscillator modes of this string.
be either instantons or gaugino condensation on stacks of spacetime-filling branes, we will focus
on the former. The relevant instantons for σ and the νi are D2 branes wrapping three-cycles
in the T 6. While for the vi they are string worldsheet instantons. If N ≥ 2 supersymmetry is
preserved, then the instantons will correct only the Ka¨hler potential, which means the fields
will remain as classical flat directions, but without a shift symmetry. In the case when only
N = 1 supersymmetry is preserved, say by orbifolding and orientifolding, the instantons can
contribute to the superpotential. The fields will then develop a periodic potential, and so are
denoted axions. The instanton action is just the worldvolume action of the D2 brane, and the
contribution to the superpotential is fixed by holomorphy to be of the type
W ⊃ ASe−2piS +
∑
i
AUie
−2piUi . (4.93)
It is important to note that not all instantons contribute to the superpotential, so some of the
terms in (4.93) could be missing. They are expected though to contribute corrections to the
Ka¨hler potential. Indeed, the worldsheet instantons associated to the Ka¨hler axions vi do not
contribute to the superpotential in the absence of fluxes. The question of which instantons
contribute to the superpotential is a subtle one relating to the zero-mode structure, and is
discussed in detail in [236]. The A prefactors in (4.93) are in general functions of the Ka¨hler
superfields T i.
Let us consider the axion σ, superpartner to the dilaton s. Comparing the Ka¨hler potential
(4.30) with the general expression (3.69), we can read off the axion decay constant
2pifσ =
1
2s
=
gs
2
(
R1√
α′
)(
R2√
α′
)(
R3√
α′
) . (4.94)
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We can then consider the axion Weak Gravity Conjecture (3.70), which states
2pifσs =
1
2
≤ 1 , (4.95)
and so is obviously satisfied. The same follows trivially for the other axion decay constants.
Because the axionic Weak Gravity Conjecture is satisfied, the general discussion in section
3.5.8 regarding the break down of the instanton expansion if fσ > 1 applies here. However,
in the explicit string theory realization we can say more. From (4.94), it is manifest that in
the weakly-coupled gs  1 and geometric RiMs  1 regime, we find fσ  1. Therefore, there
is obstruction to reaching fσ > 1 in a controlled regime already at the perturbative level, so
without considering the non-perturbative instanton effects.
Let us consider the axions vi, they have decay constants of type
2pifv1 =
1
2t1
=
1
2
(
R1√
α′
)(
R4√
α′
) . (4.96)
Again we have in the geometric regime fv1  1. However, if we are in the pure T 6 setting we
may actually consider going to the RiMs  1 regime in string theory. In that case the instanton
expansion breaks down. But the four-dimensional effective theory should be invariant under
duality groups of the internal dimensions, and in particular T-duality along the R1 and R4
directions send t1 → 1
t1
. Therefore, we should recover the same physics as the geometric regime.
More generally, T-duality combines with axions shifts of the vi to form an SL (2,Z) duality
group acting as
T 1 → aT
1 − ib
icT 1 + d
, {a, b, c, d} ∈ Z , ad− bc = 1 . (4.97)
The physically inequivalent set of value of T 1 is given by the fundamental domain, as illustrated
in figure 32. We see that fv1 > 1 is actually outside of the fundamental domain, and so is simply
not a physically relevant region of parameter space.33 The same is true for the other axion
decay constants, assuming the purely toroidal setting. While the duality group is special to the
toroidal setting, the restriction of f < 1 in the weak-coupling and geometric regimes of string
theory is universal. This was first studied systematically in [114]. And then explored much more
widely and in greater detail, see for example [7, 8, 26,86,105,106,109,111,115–149,293]. All of
the results are consistent with the absence of a closed-string fundamental axion decay constant
that is super-Planckian.34 However, we now go on to discuss the more complicated possibility of
inducing an effective large axion decay constant.
Axion alignment from fluxes
In section 3.5.8 we discussed the idea of inducing an effective large axion decay constant from
aligning two axions that individually have sub-Planckian decay constants. Let us consider this
in string theory. We will first consider the simplest and most explicit realizations in type IIA
33It is interesting to note that we actually have fv1 ≤ 14pi , which is an order of magnitude stronger than what is
required by the Weak Gravity Conjecture. This stronger constraint can be understood as the requirement that
the axion periodicity P should be bounded by P < 1, while the constraint f < 1 would only imply P < 2pi. This
nicely connects to the Refined Swampland Distance Conjecture (3.83).
34In [128] it was argued that one may be able to obtain and open-string super-Planckian decay constant in
warped throats in type IIB compactifications.
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Figure 32: Figure showing the fundamental domain for the field T 1 controlling the axion decay
constant, under the SL (2,Z) duality group. The region fv1 > 1 corresponds to Re T 1 < 14pi ,
which is outside the fundamental domain.
string theory, as originally studied in [126,154] (see [87,294] for more recent work). We start
with the scenario of type IIA on T 6 with flux, as discussed in section 4.3.3. However, to simplify
the setup we will consider projecting the three complex-structure superfields to a single one
U i → U , and similarly for the Ka¨hler moduli T i → T . This can be done through a further Z3
identification of the three tori, or more generally we can consider a Calabi-Yau compactification
with a single complex-structure modulus and an arbitrary Ka¨hler moduli sector since it will not
influence our discussion [126]. We therefore have the four-dimensional effective theory
K = − log s− 3 log u+K (T + T ) , (4.98)
W = WT (T ) + ih0S − ih1U .
Here WT is the part of the superpotential which is independent of S and the U . We have two
axions σ = Im S and ν = Im U , and one combination of them obtains a perturbative mass
from the fluxes in the superpotential. The remaining combination remains classically massless,
but quantum non-perturbative effects, as in (4.93), will induce a periodic potential for it. The
interesting point is that the fluxes h0 and h1 allow for control over how the light axion is
embedded in the two-dimensional fundamental axion field space. They therefore allow for a
string theory realization of the alignment scenario, discussed in section 3.5.8, through fluxes.35
The decay constant of the effective classically massless axion ψ in each of the two instantons,
denoted by fsψ and f
u
ψ , is [126]
fuψ =
(
f2ν +
(
h1
h0
fσ
)2) 12
, f sψ =
(
f2σ +
(
h0
h1
fν
)2) 12
. (4.99)
35Axion alignment through fluxes in string theory was first studied in [86] in the type IIB context.
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Figure 33: Figure showing the two-dimensional axion field space and, in red, the axion
combination which is perturbatively massless. Two cases are shown, the first with no alignment,
and the second with alignment. As the light axion becomes aligned, parametrically increasing
its periodicity relative to one of the fundamental decay constants, the same decay constant also
becomes smaller. Overall the net effect leads to no increase in the periodicity of the light axion.
This string theory setting should be compared with the naive field theory expectation as shown
in figure 21.
We therefore see that by taking, say h1  h0 we can have fuψ  fσ, realizing a parametric
enhancement of the effective axion decay constant relative to a fundamental one.
Let us consider a supersymmetric vacuum of the theory (4.99). The F-term conditions
DSW = DUW = 0 imply
fν
fσ
=
√
3s
u
=
h1√
3h0
. (4.100)
We can then check that the instanton with the enhanced decay constant, say for h1  h0,
is the dominant one since s  u. It therefore may appear that indeed we have obtained a
parametrically enhanced axion decay constant, however this is not so. Indeed, substituting
(4.100) into (4.99) we find
fuψ = 2fσ . (4.101)
So while the decay constant was enhanced with respect to fσ it is actually not enhanced with
respect to fν . So what has happened is that the fluxes had two effects, one was aligning the light
axionic direction close to one of the fundamental axions, but the other was fixing the moduli
fields which control the decay constants, and the two effects cancelled precisely [126]. This is
illustrated in figure 33. The dynamical adjustment of the moduli fields to censor an enhancement
of the field ranges in the low-energy effective theory is an effect that we will encounter multiple
times. In [126, 154] this effect of cancellation of enhancement was shown to hold more generally,
for different Calabi-Yau and non-Calabi-Yau settings. However, there is no general proof, and
in particular, already aligning a combination of more than two axions is more complicated to
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analyze. Nonetheless, the existence of this censorship mechanism is quite striking.
In [126] examples were presented where there was an enhancement of a periodicity in an
instanton of the effective axion, but this instanton was sub-leading to the un-enhanced instanton.
Such scenarios would manifest the strong version of the Weak Gravity Conjecture, leading
to the situation shown in figure 23. While such a setup would not lead to possible models
of inflation, it is interesting to study nonetheless. Indeed, in [87] a very simple realization
of such a scenario was proposed and termed axion mis-alignment. The idea is to construct
the perturbatively massless axion combination to be almost aligned with the diagonal in the
two-axion field space. This would still lead to a large overall periodicity, but each instanton
would have an un-enhanced periodicity. Explicitly, in the action (4.99), it corresponds to taking
h0 and h1 both large and co-prime. There is no cancellation obstruction in such a setting, and
therefore an enhancement is only limited by the tadpole constraints and also Ka¨hler moduli
backreaction [87]. These constraints are quite strong and so it is debatable whether this could
lead to a super-Planckian overall periodicity. However, there is yet another important aspect of
axion alignment, or mis-alignment, to which we now turn.
Axions and Discrete Torsion
(Note that this section is not a review of published work, and is mostly new material.) The
axions in string theory come from the expansion of the RR forms in terms of harmonic forms.
These are topologically counted by the Hodge or Betti numbers of the manifold. It is therefore
natural to expect that axion alignment should also have some topological formulation. In this
subsection we aim to introduce such a formulation, mostly based on [295]. Consider first the
simple scenario of a type IIA axion arising from an harmonic three-form, and we ask how it
appears in the instantons associated to Euclidean D2 branes wrapping three-cycles. We can
check that instantons wrapping homologous cycles have the same action. Define the three-form
αψ such that the axion arises from an expansion C(3) = ψαψ. Then ψ is an axion only if αψ is
harmonic, so it is closed but not exact. Instantons which feature the axion in the action will be
branes wrapping a cycle C such that
Sinst ⊃
∫
D2
C(3) = ψ
∫
C
αψ . (4.102)
If C is a boundary, C = ∂D, then we have
ψ
∫
C
αψ = ψ
∫
D
dαψ = 0 . (4.103)
And so instantons wrapping cycles which are homologous, have the same axion action and
periodicity.
Now consider turning on H-flux, say h0 and h1 as in (4.99). This gives a mass to an axion.
We can also understand this topologically as the statement that axions are actually counted by
harmonic forms in twisted K-theory, which means harmonic with respect to the operator
dH = d−H . (4.104)
From the expression for the superpotential (4.54), it is manifest that perturbatively massless
axions arise from forms that are closed under dH . More interesting is that also forms which are
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exact under dH are not relevant. To see this, we can focus on the H part of the operator and
note that an exact form means that we can write αψ = pH, where p is a constant (is integer in
terms of integer homology). Then
ψ
∫
C
αψ = pψ
∫
C
H = 0 . (4.105)
The reason that this vanishes is because there is a Freed-Witten anomaly for a D2 brane wrapping
a cycle with H-flux through it [296]. We therefore see that indeed axions are determined by dH
cohomology. We can also check that instantons which are cohomologous in dH homology lead
to the same action. Let us define a cycle C to be a boundary in dH homology if∫
C
αψ = −
∫
M
H ∧ αψ . (4.106)
Now since we require αψ to be dH closed we have H ∧ αψ = 0. In the case of normal homology,
we can physically see that an instanton wrapping a homologically trivial cycle, so a boundary, is
unstable to shrinking to a point which explains why it can not yield an action which includes
the axion. There is a similar process in the case of dH homology, because a D2 brane wrapping
a three-cycle whose Poincare´ dual is a multiple of the H-flux suffers from an instability of decay
where it annihilates against the H-flux into RR-flux (see [297] for a review of twisted K-theory).
A nice way to see this is utilising generalized calibrations, which give the action of a D-brane in
terms of a calibration form Θ defined to satisfy the constraint (see, for example [298])
dHΘ = F . (4.107)
Here both Θ and F are a formal sum of different degree forms, where F =
∑
i F
(i). Then the
energy M of a brane wrapping a cycle C is36
M =
∫
C
Θ . (4.108)
Then if C is exact in dH homology we can write
M =
∫
M
Θ ∧ dHχ =
∫
M
dHΘ ∧ χ =
∫
M
F ∧ χ , (4.109)
where χ is some formal sum over even-dimensional forms. This shows that the mass of such a
brane is equal to an integral over RR-flux, thereby allowing for the brane-flux transition.
The brane-flux transition is allowed if the brane can annihilate against the full H-flux,
which means that p above should be an integer. So more precisely, the axion-instanton system
is classified by the integer dH homology. Now, in order to have some sort of alignment or
mis-alignment mechanism we require that the axion appears in two different instantons with
different periodicities. But since there is just one perturbatively massless axion, there is only one
dH cohomology class, and only one dual dH homology class, and therefore one might deduce that
all instantons should have the same action for this axion. While this is true in real homology,
it is not quite true in integer homology. A single real cohomology class may nonetheless have
multiple integer homology classes, the difference is accounted for by torsion homology. Therefore,
36We drop here contributions from world-volume flux on the brane for simplicity.
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we reach the conclusion that any type of axion alignment must be topologically classified by
discrete torsion in dH homology.
In the case of T 6, or Calabi-Yau, with flux indeed turning on H-flux can be understood
as inducing torsion homology in dH . This explains why axion alignment or misalignment can
be realized in such settings. However, if we look at compactifications which are upliftable to
10-dimensional solutions then we need to satisfy the Bianchi identity (4.36) exactly locally,
which means that the local sources should cancel. One then sees that the H-flux must become
exact in such cases. If H is exact then dH cohomology becomes equivalent to d cohomology, and
so axion alignment in such settings has to correspond to a compactification on a manifold which
carries torsion homology. The example case in section 4.3.4 of S3 × S3 carries no such torsion
homology and so cannot realize axion alignment. It would be interesting to study example which
do have torsion homology, for example a product of Lens spaces, to see how axion alignment
manifests in such cases. More generally, an important lesson to learn is that for RR axions
which are topologically protected, axion alignment similarly has a topological formulation and
so compactifications which must change their topology when uplifted to a fully backreacted
local 10-dimensional solution can also expect to have any conclusions regarding axion alignment
modified by such backreaction.
Axion alignment in type IIB string theory
Explicit studies of axion alignment scenarios in type IIB can be split according to which
axions, RR or complex-structure, are being utilized. An alignment utilising two RR axions was
studied in [109, 293]. While alignment models utilising the complex-structure moduli, which
develop axion-like directions in certain limits, were studied in [86,137]. The models are rather
complicated due to the underlying complexity of moduli stabilisation in IIB relative to IIA.
However, some similar effects can be seen. For example, in [87] it was shown that aligning two
axions manifests similar cancellations as in type IIA. By contrast, it was argued that mis-aligned
scenarios, see above, are easier to implement in a type IIB context. Indeed, it was agued that
such enhancement of the overall axion periodicity is likely to be realizable to some extent, though
not in a parametrically controlled way. In [149] mis-alignment was also argued to be present
when considering axions which are down warped throats. Alignment of a large number of axions,
N , in type IIB was studied in [119,125,299]. Explicit studies of Calabi-Yau spaces revealed only
moderate enhancement relative to the fundamental decay constants, around a factor of 2-3.
All the alignment scenarios in type IIB are within a KKLT type moduli stabilisation
framework, and so are not upliftable to 10-dimensional solutions. Partially due to this, they are
significantly more involved and complicated than the simple type IIA cases discussed above.
4.6 Bosonic sector of N = 2 Supergravity
Aspects of the Swampland related to scalar fields are most sharply tested in the context of
extended N = 2 supersymmetry because such theories exhibit exact moduli spaces. We therefore
first present a quick introduction to N = 2 supergravity. A sufficiently complete account can be
found in [300, 301]. The multiplets consist of nV vector multiplets with bosonic content of a
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complex scalar field, denoted ti with i = 1, ..., nV , and a gauge field, denoted A
i.37 There are nH
hypermultiplets, with bosonic content of four real scalar fields denoted lλ, with λ = 1, ..., 4nH .
There is a gravity multiplet which contains the bosonic fields of a graviton and a graviphoton
A0. We can combine all the gauge fields as AI with the index I = {0, i}.
The action takes the form
SN=2 =
∫
d4x
√−g
[
R
2
− gij∂µti∂µtj − hσλ∂µlσ∂µlλ + IIJFIµνFJ,µν +RIJFIµν (?F)J,µν
]
.
(4.110)
The gauge kinetic functions are the real and imaginary parts of a complex matrix, RIJ = Re NIJ
and IIJ = Im NIJ . The metrics gij and hσλ are on two separate manifolds, so the total moduli
space splits into vector multiplets and hypermultiplets M =MV ×MH . The hypermultiplets
manifold is a quaternionic Ka¨hler manifold and the vector multiplets span a special Ka¨hler
manifold. We will mostly focus on the vector multiplet part.38 The geometric structure on the
vector multiplet field space is determined through the periods
{
XI , FI
}
which are holomorphic
functions of the scalar fields ti. The Ka¨hler potential for the scalar field-space metric takes the
form
K = − log i
(
X
I
FI −XIF I
)
. (4.111)
It is usually, not always but for our purposes we can assume so, possible to determine the
periods in terms of a prepotential F through FI = ∂XIF . Then the general expression for the
symplectic matrix takes the form
NIJ = F IJ + 2i
ImFIKImFJLX
KXL
ImFMNXMXN
, (4.112)
where FIJ = ∂IFJ . We can carry over the definitions in section 3.5.3, up to the expression for
Q2 (3.35).
It is convenient to introduce an index I which ranges over both electric and magnetic
components, so has a range 2nV + 2. Then we can define the period vector Π, which in an
appropriate local coordinate basis can be written as
Π =

X0
Xi
Fj
F0
 , (4.113)
with components ΠI . Note that in (4.113) we take the electric index as increasing down the
vector, while the magnetic index is increasing from the bottom moving up. We can also write
the vector Q as q with components qI . This vector space has a natural symplectic form on it η
which can be used to construct symplectic inner products. In the coordinate basis where the
period vector takes the form (4.113) the symplectic matrix is
η =

0 0 ... 0 1
0 0 ... 1 0
0 −1 ... 0 0
−1 0 ... 0 0
 . (4.114)
37Note the clash of notation between the complex vector multiplet scalars ti and the real parts of the Ka¨hler
superfields in the type IIA setting of sections 4.3.1 and 4.5.
38In string theory, the hypermultiplet manifold is special quaternionic which means that it contains a special
Ka¨hler subspace. This is a manifestation of mirror symmetry, and means that much of our discussion on the
vector multiplet space can be applied to the special Ka¨hler submanifold in the hypermultiplet sector.
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It is important to keep in mind that the expressions for η and Π are a local choice of basis
on the vector-multiplet moduli space. It is convenient to utilize this basis for calculations,
but other basis choices are possible, and in general one has to patch such bases over different
regions in moduli space. This can be captured nicely by thinking about the origin of the vector
multiplets in type IIB string theory on a Calabi-Yau manifold. The Calabi-Yau supports a
nowhere vanishing holomorphic three-form Ω. We can then pick a basis of three-cycles ΓI and
define the period vector as the integral of Ω in this basis
ΠI =
∫
ΓI
Ω . (4.115)
The symplectic inner product can then be defined in terms of the basis intersections
ηIJ = ΓI · ΓJ . (4.116)
We can also write a general expression for the Ka¨hler potential
K = − log
[
i
∫
CY
Ω ∧ Ω
]
= − log [iΠT · η ·Π] . (4.117)
While the basis of cycles may change over different points in moduli space, the form Ω is defined
over the whole space.
An important property of extended supersymmetry is the existence of BPS states. In
particular, given a charge vector q, we can define the central charge
Z (q) ≡ eK2 (q · η ·Π) . (4.118)
Then any charged state in the theory with mass M satisfies the bound
M (q) ≥ |Z (q)| . (4.119)
The bound is saturated by BPS states. An important identity involving the central charge is
Q2 = |Z|2 + gijDiZDjZ , (4.120)
where the covariant derivative acts as
Diψ
j = ∂ziψ
j + Γjikψ
k +
p
2
(∂ziK)ψ
j , (4.121)
on an object ψj with Ka¨hler weight p (Z has weight 1). Another useful identity is
Q2F = |Z|2 − gijDiZDjZ . (4.122)
Here Q2F is defined in the same way as in (3.35) but with NIJ → FIJ .
These identities imply certain properties of BPS states. As discussed in section 3.5.4, the
expression (4.120) captures the forces acting on BPS states, and shows that BPS states feel
no self-force. The expression (4.120) implies that gravity acts as the weakest force on BPS
states [92]. The matrix IIJ is negative definite. The matrix Im (F )IJ has nV strictly positive
eigenvalues and one strictly negative eigenvalue. So there is a basis where nV BPS states have
scalar forces acting strictly stronger than gravity, and one of them has gravity acting strictly
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stronger. The odd one out is due to the graviphoton which has no scalar superpartners. This
shows that in N = 2 the Scalar Weak Gravity Conjecture (3.64) is satisfied by BPS states.
It is possible to write a potential in N = 2 supergravity, but it is constrained by the structure
of the gauge field sector. Specifically, a potential can only be induced by gauging isometries in
the moduli space M. We can replace the derivatives in (4.110) with gauge covariant derivatives
∇ti = ∂ti +AIkiI (t) ,
∇lλ = ∂lλ +AIkλI (l) , (4.123)
where the kiI and k
λ
I are Killing vectors on the moduli space. The induced potential is then a
function of the Killing vectors V
(
kiI , k
λ
I
)
. See [301, 302] for a discussion (including so-called
magnetic gauging).
We will comment here only a particularly interesting relation to flux compactifications,
see [204] for a general analysis of such relations. Consider type IIB string theory with RR fluxes,
as studied in section 4.4.2. Then since the dilaton and Ka¨hler moduli do not appear in the
superpotential, the scalar potential takes the form
VRR = e
K
(
gij¯DiWDjW + |W |2
)
. (4.124)
But we see that the superpotential is related to the central charge
e
K
2 W (q) = Z (q) , (4.125)
where the charge vector q corresponds to the RR fluxes. Then we see that using (4.120) we can
write
VRR = Q2 . (4.126)
So the potential which is induced is nothing but the charges contracted with the gauge coupling
matrices. We will return to this relation in section 5.
Finally, note that sometimes we will utilize the shorthand for the symplectic inner product
S (A,B) ≡ A · η ·B . (4.127)
4.7 The Distance Conjecture with 8 supercharges
Having set up the formalism of N = 2 supergravity, the theories with gravity with the minimal
supersymmetry which exhibit exact moduli spaces, we can consider the distance conjectures,
as discussed in section 3.6. In section 2.2 we studied a particularly simple scenario of the
distance conjecture where the field is associated with the size of a circle. The next step up is to
consider the T 6 setting of section 4.3.1. It is convenient to formulate it in the N = 1 language
of that section. Let us consider the Ka¨hler moduli field space, spanned by the complex scalar
fields of the T i. As discussed in detail in section 4.5.1, the real parts of the superfields control
closed-string U(1)s gauge couplings. There are infinite towers of states, associated to branes
wrapping even-dimensional cycles with a mass scale set by those gauge couplings. Writing the
gauge couplings (4.84) in terms of the canonically normalised Ka¨hler moduli fields we see that
they are exponential in nature. Therefore, the distance conjecture maps directly to the tower
versions of the Weak Gravity Conjecture in such settings, as discussed generally in section 3.6.1,
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and all the results of section 4.5.1 apply equally to the distance conjecture. Note that going to
large distances in Ka¨hler moduli space, which using the notation of section 4.5.1 means ti →∞,
also exponentially lowers the mass scale of Kaluza-Klein towers. This is typical behaviour of the
distance conjecture in string theory, where many different towers may become light at infinite
distance. The behaviour of the imaginary parts of the T i, the axions vi, also satisfies the distance
conjecture. In this case we can map to the discussion in section 4.5.3 regrading the axionic
Weak Gravity Conjecture (3.70) where we argued, utilising duality, that the periodicity of the
vi is sub-Planckian. This is an example of the general discussion of this relation in section 3.6.1.
The results above for the Ka¨hler moduli apply also to the dilaton superfield S, with the
associated branes being D0 (and dual D6) branes. Let us now consider the complex-structure
moduli space spanned by the Ui in section 4.3.1. The axionic parts are again periodic and so
respect the distance conjecture. The real parts ui, control the sizes of three-cycles in the space.
T-duality along an odd number of directions in the internal space will exchange them with
the Ka¨hler moduli. However, it will also take us to type IIB string theory. The NS sector, of
fundamental strings, is the same in both theories, and so the towers of states of Kaluza-Klein
and Winding modes will satisfy the distance conjecture. The towers of wrapped D-brane states
change between IIA and IIB and so we must look for them directly in the type IIA setting. In
this case, we see that branes wrapping three-cycles lead not to particle states in four dimensions
but to instantons, strings and space-time filling states. The tension of these objects, say the
strings from wrapped D4 branes, will depend on the ui moduli. The moduli measure the size of
three-cycles and so, say in the limit ui → 0, the tension of the strings will decrease exponentially
in the proper distance.39 The distance conjecture will then be satisfied by these light extended
objects. There actually will be two types of towers of light states, first the excitations of the
light strings, and second, towers of light extended objects themselves. We may consider either
one to be related to the distance conjectures, as discussed in general in section 3.6. Note that
another way to think of the distance conjecture for complex-structure moduli is by considering
spacetime filling D6 branes wrapping three-cycles. Then the distance conjecture is again related
to the Weak Gravity Conjecture for the D6 gauge field which becomes weakly-coupled at large
three-cycle volumes.
To generalize the result to more complicated setting. first let us consider the cases with
more than 8 supercharges, in any dimension. There is a general result which is that the moduli
space of a supergravity in any dimension which has more than 8 supercharges is a coset
M = G
H
. (4.128)
The explicit forms for the known supergravities of G and H can be found in [303]. Due to this
restricted coset structure, it is possible to utilize group theoretic arguments to show that the
Swampland Distance Conjecture (3.79) holds in such settings [303]. More precisely, to show
that the mass of BPS states decreases exponentially with proper distance, but not to show that
those BPS states are actually in the theory. Exploiting the coset structure of moduli spaces was
a key element of the examples presented in original proposal [4]. In particular, it was argued
that dualities in the moduli space relate any infinite distance point with the large volume limit.
And therefore at least there should be states dual to the Kaluza-Klein states of the large volume
limit.
39The opposite limit in complex-structure moduli space is related by duality.
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4.7.1 Calabi-Yau moduli spaces
The case where there are exactly 8 supercharges preserved in the vacuum is special, because
it still has an exact moduli space, but this moduli space is not a coset manifold. Indeed,
known N = 2 moduli spaces span a vast spectrum, not least due to each Calabi-Yau manifold
supporting such a moduli space. Nonetheless, we will see that the structures of the distance
conjectures can still be shown to arise within such moduli spaces [31, 107,190,272,276,304,305].
In particular, in [31, 272] a formalism was developed which allows to study infinite distances in
N = 2 moduli spaces with complete generality. We outline this below, before discussing more
specific examples of infinite distances.
We focus here on the vector-multiplet moduli space MV . In string theory, we can consider
type IIB string theory compactified on a Calabi-Yau to four dimensions and then the moduli
space is the complex-structure one. Let us define a locus in MV through the constraint z = 0,
where z is some local coordinate in the moduli space around this locus. We are interested in
how the period vector Π, see section 4.6, transforms upon circling the point. In general, it may
transform with an action of a matrix T as
Π
(
ze2pii
)
= T ·Π (z) . (4.129)
T is called the Monodromy matrix, and if it is not just the unit matrix then there is a monodromy
about the point z = 0. The monodromy matrix is composed of constant rational numbers. The
order of the monodromy is determined by the smallest power of T which gives back the unit
matrix. If no power does, then the monodromy is said to be of infinite order. In the case when
it is of infinite order it is possible to introduce the matrix40
N = log T . (4.130)
The matrix N is nilpotent, which means Nn+1 = 0 for some integer n. For a moduli space of a
Calabi-Yau threefold the maximum n is 3. There is a theorem which gives the leading order
behaviour of the period matrix Π near the region z = 0. The Nilpotent Orbit Theorem states
that [306],
Π (z, ξ) = Exp
[
1
2pii
(log z)N
]
A (z, ξ) . (4.131)
Here, ξ denote other coordinates on the moduli space. The crucial part of the theorem is that
the vector A is holomorphic in z, so can be expanded as
A (z, ξ) = a0 (ξ) +
∞∑
n=1
an (ξ) z
n . (4.132)
Therefore the leading behaviour, to an exponentially good approximation, of the z dependence
of period vector as z → 0 is given by the Nilpotent orbit
Πnil (z, ξ) = Exp
[
1
2pii
(log z)N
]
a0 (ξ) . (4.133)
We can change coordinates to
t =
1
2pii
log z . (4.134)
40More precisely, there may be also a finite order part on top of the infinite order one which is not important
for our purposes and we will not discuss here, see [31] for a discussion on this.
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So the point z = 0 corresponds to t → +i∞. Now we define an integer d as the maximum
integer such that
Nda0 6= 0 . (4.135)
Then by using (4.133) in the expression for the Ka¨hler potential (4.117), we recover the leading
behaviour of the moduli space metric as
gtt¯ =
d
4 (Im t)2
+O
(
1
(Im t)3
)
. (4.136)
Now consider the proper distance ∆φ between two points along this one-parameter approach
where, for simplicity, we fix Re t = 0. So from Im ti to Im tf , we have
∆φ =
∫ Im tf
Im ti
√
d
2
d (log Im t) + subleading =
√
d
2
log
(
Im tf
Im ti
)
+ subleading . (4.137)
Where the subleading contributions, in particular, remain finite as Im tf → ∞. we therefore
observe a logarithmic divergence of the proper distance approaching z = 0, or equivalently
Im t → ∞, as long as d > 0. In fact, there is a theorem which states that d > 0 is not only
sufficient but is also the necessary condition for z = 0 to be at infinite distance [307]. We therefore
find the result that any locus which is an infinite distance in Calabi-Yau complex-structure
moduli space must have an infinite order monodromy associated to it, and the proper distance
approaching the locus diverges logarithmically in Im t.
We can also study the form of the central charge, and therefore the mass of BPS states, as
z → 0 or Im t→∞. Utilising (4.133) in the expression for the central charge we find
Z (q) ∼
∑j=d
j=0 (Im t)
j S
(
q, N ja0
)
(Im t)
d
2
+O (e2piit) . (4.138)
The behaviour of the mass of BPS states therefore depends on how their charge q contracts with
N ja0. We can split the possible charged states into those which become massless as Im t→∞,
and those which retain a finite mass. The set of massless states S can be defined as [31]
S ≡
{
q : S
(
q, N ja0
)
= 0 , for all j ≥ d
2
}
. (4.139)
This set then splits further into two sets of states, denoted type G and type F defined as41
SG ≡
{
q ∈ S : Sj
(
q, N ja0
) 6= 0 for some j < d
2
}
, (4.140)
SF ≡
{
q ∈ S : S (q, N ja0) = 0 , for all j ≥ 0 } . (4.141)
We see that states with charges of type G become massless as a power-law in Im t, while states
of type F do so exponentially in Im t. We also can see that only type F states can become
massless at finite distance in moduli space. In fact there is a nice physical distinction between
type G and type F states, the former carry charge under the graviphoton while the latter do
not.42
41In [31] states of type G and type F were denoted type I and type II respectively.
42The graviphoton was, somewhat carelessly, stated to be A0 earlier, but actually it is a combination of all the
AI associated to the central charge.
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d g(0) g(1)
1 1
(Im t)
1
2
-
2 1(Im t) -
3 1
(Im t)
3
2
1
(Im t)
1
2
Table 4.2: Table showing the rate of the vanishing of gauge couplings approaching infinite
distances Im t→∞ in vector multiplets moduli space . There are two classes of gauge fields,
with differing rates of vanishing depending on the type of infinite distance locus determined by
the integer d. The behaviour of the gauge couplings matches the mass scale of the tower of BPS
states for some α in (4.142), as predicted by the magnetic Weak Gravity Conjecture (3.7).
We therefore find that all BPS states of type G become massless exponentially fast in the
proper distance when approaching any infinite distance locus in any Calabi-Yau moduli space
MBPS (tf )
MBPS (ti)
∼
(
Im ti
Im tf
)α
∼ e−
2α∆φ√
d , (4.142)
where α = 32 , 1,
1
2 depending on the state. This is strong evidence for the distance conjectures
(3.79). However, there remains to show that there are an infinite number of type G states in the
theory. This was argued for in the case of d = 3 infinite distance loci in [31], and more generally
for other types, though not all, of loci in [272]. In this type IIB setting these are D3 branes
which are wrapping supersymmetric three-cycles (special Lagrangian cycles) in the Calabi-Yau,
which shrink to zero size at infinite distance in field space. These states are also charged under
the U(1) gauge symmetries in the vector multiplets. They therefore also play the role of the
tower of states associated to the magnetic Weak Gravity Conjecture as discussed in section 3.5.6.
Indeed, the gauge couplings of many of the U(1)s vanish at the infinite distance locus Im t→∞.
It is possible to similarly associate a type G or type F to gauge fields. We will consider only
type G gauge fields here, for a more general analysis see [31]. For d = 3 there are two such fields,
with gauge couplings g(0) and g(1), while for d < 3 there is only one type G gauge field, with
gauge coupling g(0). The rate at which the gauge couplings vanish was calculated in [31] and is
presented in table 4.2. We see that, as discussed in section 3.6.1, the gauge couplings behave
exponentially in the proper field distance. Also the magnetic Weak Gravity Conjecture scale
(3.7) indeed sets the mass scale of the tower of states, for an appropriate α in (4.142). Similarly,
the relation between the gauge couplings and field distances in string theory implies that also
the evidence in [102,107,190] for the Weak Gravity Conjecture, discussed in section 4.5.2, acts
equally as evidence for the distance conjecture.
We have seen that the monodromy matrix T plays a crucial role in the moduli space behaviour
near infinite distances. It was argued in [31,272] that it also plays an important role in the tower
of states which becomes exponentially light. First note that T is defined through its action on
the period vector (4.129), but it also has a natural action on the charges of the BPS states. This
can be seen by looking at the expression (4.118) for the central charge and how it transforms
under monodromy
|Z (q)| = eK2 |q · η ·Π| T−→ eK2 |q · η · T ·Π| = eK2 ∣∣(T−1 · q) · η ·Π∣∣ = ∣∣Z (T−1 · q)∣∣ . (4.143)
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Figure 34: Figure, taken from [272], showing an example moduli space, of the two parameter
Calabi-Yau P1,1,2,2,2[8] as studied in [308]. Each infinite distance locus is denoted by a solid
line and assigned a type labelled by II, III, or IV (corresponding to d = 1, 2, 3 respectively).
We also show special finite distance loci with dashed lines, and these are associated to type I.
Some well-known loci are labelled explicitly, the finite distance conifold and orbifold loci, and
the infinite distance large complex-structure point.
Since T is of infinite order, it generates an infinite orbit within the charged BPS states. It
was suggested in [31] that this infinite orbit is related to the infinite tower of states. Evidence
for this includes showing that for d = 3 that states in the monodromy orbit are indeed states
present in the theory. We have already encountered a simple case of this in section 4.5.1) with
monodromy generated D2-D0 bound states.
Another point emphasized in [31] is that infinite distance loci in moduli space are where an
effective global symmetry exists. This is true for some gauge fields since their gauge coupling
vanishes, but perhaps more intrinsically is true also for the axionic elements in the complex-
structure moduli. The infinite tower of states which becomes massless at such loci can then
be understood as a quantum gravity obstruction to inducing such a global symmetry. This
yields an interpretation of the Swampland Distance Conjecture as quantifying the quantum
gravity obstruction to global symmetries, matching a similar interpretation of the magnetic
Weak Gravity Conjecture, as discussed in section 3.3.
The discussion has so far focused on one-parameter approaches to infinite distances in moduli
space. In [272] multi-parameter approaches were studied. Indeed, it is useful to see a picture of
a quantum gravity moduli space, which we present in figure 34. In general, there are multiple
infinite distance loci, and they may also intersect. In [272] it was shown that there are certain
rules for which type of infinite distance loci can intersect each other. A particularly accessible
region where multiple infinite distance loci intersect is the large volume limit of Calabi-Yau
manifolds. This multiple parameter infinite distance region in field space was studied in type
IIA string theory in [276].
So far we have discussed loci at infinite distance in moduli space. This is the most relevant
setting for the Swampland Distance Conjecture (3.79), but are not tests of the Refined Swampland
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Distance Conjecture (3.83). Specifically, it is important to understand precisely at what distance
the exponential behaviour of the tower of states emerges. This analysis was performed for
Calabi-Yau moduli spaces in [304]. Different possible geodesics were studied within the one-
parameter moduli space of the quintic Calabi-Yau. It was found that geodesic lengths were
such that the exponential behaviour in the tower of states appeared at distance which is at
most ∆φ ∼ 1.4Mp. Also three two-parameter examples were studied, and it was found that
the critical distances was 1.3Mp, 1.1Mp and 1.1Mp. Paths, not necessarily geodesic, even on
a 101-dimensional moduli space was studied, as the mirror of the quintic. It was shown that
each modulus contributed a reduced possible distance relative to the one and two-parameter
examples, such that the total path distance before the exponential behaviour remained closely
bound to Mp.
4.8 The Distance Conjecture with N = 1 supersymmetry
Away from the N = 2 vacuum setting, scalar fields will have potentials. In such settings, the
appropriate Swampland statement to test is the Refined Swampland Distance Conjecture (3.83).
There are two qualitatively different types of scalar fields with potentials with respect to the
distance conjecture. The first type are those for which the distance conjecture is realized through
the field-space metric and the potential is not playing any significant role. For example, we may
consider the Ka¨hler moduli of T 6 as studied in section 4.3.1, which are parameterizing the sizes
of two-cycles. If we turn on flux, as in section 4.3.3, a potential is induced for the Ka¨hler moduli.
This does not change the fact that tower of wrapped branes become exponentially light and so
the distance conjecture is still satisfied.
Having said this, testing the conjecture even for such moduli is fundamentally different from
the N = 2 extended supersymmetry setting because it is much more difficult to fully explore
the moduli space as done in section 4.7.1. Specifically, moving to strong coupling regimes is
difficult to control. Nonetheless, some results are obtainable. In particular, in [309] a study was
performed over even strongly-coupled regions by utilising duality symmetries in the context of
the Heterotic string. The results were consistent with the distance conjectures.
The second type of scalar fields, which form the main focus of this section, are those whose
potential plays a central role in their field space, in particular so-called monodromy axions. The
point is to consider breaking the axion periodicity completely. So this would be an effective
theory of the type
L ⊃ −f2 (∂a)2 +m2a2 . (4.144)
A simple example of this was seen in section 4.3.3, where the superpotential (4.40) breaks
the periodicity of many of the axions. The potential therefore decompactifies the axion field
space, allowing for formally infinite distances a→∞. In fact, the axion periodicity is a gauge
symmetry in string theory, and so cannot be broken in the full theory. However, like all gauge
symmetries, it can be effectively broken within a low-energy effective theory. What this means is
that there will always be a discrete symmetry which is the remnant of the axion periodicity, but
this symmetry will act also on the flux parameters. For example, in the superpotential (4.40)
this manifests as the symmetry acting as
σ → σ + 1 , e0 → e0 + h0 . (4.145)
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As well as other such symmetries, one for each axion whose periodicity is broken by fluxes. The
general form of these symmetries can be found in [205] for example.
Monodromy axions were understood in string theory since early work on flux compactifica-
tions, see for example [204]. However, they became particularly studied once it was realized that
they are very interesting candidates for inflatons in large field inflation [310].43 The key reason is
that their potential is protected by the underlying discrete gauge symmetry, and so it is possible
to trust the form of the potential over large field distances. This lead to a significant effort to
incorporate them into models of inflation in string theory. Such efforts can be decomposed into
two types: those which utilize localized objects, branes, to break the axion periodicity, see for
example [123,312–315]. And those which use fluxes to do so, see for example [316–325]. We will
discuss the flux case first, and comment on the brane case later.
As in previous sections, we first will discuss a very simple realization of axion monodromy.
Specifically, within type IIA on T 6 with flux as in section 4.3.3. This was studied in [154]. We
will, for simplicity as in section 4.5.3, identify the superfields so that there is one field in each
sector, and also slightly rescale the fluxes to match the conventions of [154]. So the effective
theory we consider is an N = 1 supergravity with
K = − log s− 3 log u− 3 log t , (4.146)
W = e0 + ieT − qT 2 + i
6
T 3 + ih0S − ih1U .
This theory has a supersymmetric anti-de Sitter minimum at
h0s0 = −h1u0
3
=
mt30
15
=
2
9
√
10
3
p
3
2 , ρ0 =
2q
3m
2
3
(
3p+
2q2
m
4
3
)
, v0 = − 2q
m
2
3
, (4.147)
where we have introduced the axion combination
ρ ≡ e0 − h0σ + h1ν , (4.148)
and the flux combination
p ≡ − e
m
1
3
− 2q
2
m
4
3
. (4.149)
The 0 indices on the fields denote that this is their value in the minimum of the potential.
The field variation that we are interested in is along the massive axionic combination a
defined as
a = ρ− ρ0 . (4.150)
Formally, this is an infinite field space since there is no longer a periodic structure to the axions.
The axion decay constant associated to the axion a, as in the action (4.144), takes the form
f =
1
2
(
(h0s)
2 +
1
3
(h1u)
2
)− 1
2
. (4.151)
As expected, f has no explicit dependence on the axion a, which means that the proper field
distance, denoted ∆φ, appears to grow linearly with a. This is in stark contrast to moduli fields
whose field distance only grows logarithmically. However, in [154] it was pointed out that one
43Axion monodromy models are also interesting in non-inflationary phenomenological contexts, for example [311].
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Figure 35: Plot showing the axion decay constant f and the proper distance ∆φ as a function
of the axion expectation value a (all in Planck units), for an axion monodromy setup in type IIA
string theory. The initial linear growth ∆φ ∼ a is modified due to backreaction of the potential
energy at ∆φ < 1, and reaches logarithmic growth ∆φ ∼ 0.7 log a by around ∆φ ∼ 2. The plot
is shown for flux choices p = h0 = h1 = 1, but the behaviour of ∆φ is independent of this choice.
must account for the backreaction of the axion potential on the axion decay constant f when
calculating the proper field distance. This can be done, to a first approximation, by minimizing
the potential with respect to the fields that are not a, as a function of a. So solving
∂TV = ∂uV = ∂sV = 0 , (4.152)
for the moduli fields as a function of the axion expectation value a. This gives a solution
− 1
3
h1u = h0s '
[
(0.38a)4 + 0.05p3a2 + (h0s0)
4
] 1
4
. (4.153)
The crucial point is that for large axion expectation value we find f ∼ 1a , and so the proper
distance grows only logarithmically in the axion expectation value. This is shown in figure 35.
Further, since the decay constant, or equivalently the moduli fields, control the mass scale of an
infinite tower of states, as discussed in section 4.7, we indeed find that the distance conjecture
is satisfied even for the monodromy axion. We also find that this system respects the refined
distance conjecture (3.83), since the logarithmic growth of the proper distance with the axion
expectation value occurs at sub-Planckian proper distance in field space. Remarkably, this is
independent of the choice of fluxes. Indeed, in [154], it was shown that this flux independence
holds even for complicated Calabi-Yau Ka¨hler potentials, and for compactifications on twisted-
tori (as in the example of section 4.3.4).
It is striking that one of the simplest realization of axion monodromy indeed also respects
the refined distance conjecture. However, as with other string theory examples of Swampland
constraints, it is natural to question if more complicated axion monodromy models may violate
the conjecture. One way that this could occur is by realizing an axion monodromy model with a
sufficiently large hierarchy of masses between the axion mass ma and the masses of the moduli
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which control the decay constant, mf . This may nullify the backreaction sufficiently to maintain
a linear growth of the proper field distance with the axion expectation value.44 The analysis of
the magnitude of backreaction effects in flux-based axion monodromy models has been performed
in, for example [145,160,325,327–331]. The results depend on the specific models, with some
cases possibly allowing for backreaction control [327], however in the most explicit examples the
analysis shows that it is not possible to induce a sufficiently large hierarchy of masses to stop
the effect seen in the simple IIA models of backreaction effects becoming important already at
sub-Planckian proper distances. Note that the interaction between backreaction, the distance
conjecture, and mass hierarchies is general and applies also for non-axionic directions. See for
example, [332] for recent studies along this direction.
A qualitatively different approach to axion monodromy is by utilising localized branes to
break the axion periodicity. This is the case for probably the best known model of axion
monodromy which is embedded in a KKLT-type setup [312]. In that scenario a pair of NS5/anti-
NS5 branes are placed in a warped throat and lead to axion monodromy for the axion coming
from the RR two-form C(2). Although qualitatively different, similar backreaction issues arise
also in brane axion monodromy models. For early work on this see [333]. Careful analysis of
such brane monodromy models was performed in [334, 335]. It was found that backreaction
issues indeed do become important due to a build up of lower brane charge by the axion (the
same effect discussed in section 4.5.1 in the D2-D0 context).
Recently, an axion monodromy model was proposed in [325] which claims to control backre-
action sufficiently to allow for a parametrically super-Planckian proper distance by the axion.
This comes at the price of requiring the axion to have a spatially varying expectation value. It
would be interesting to see if indeed such spatial variations could help.
We note that it is possible to induce a large mass hierarchy between the massive moduli and
multiple light fields, so that there is an effective light moduli space. See in particular [163,294,336].
However, as shown in [336], the field space is such that again the proper distance of geodesics
grows only logarithmically at super-Planckian values.
Finally, it is worth noting that within axion monodromy models there are certain interactions
between swampland constraints. In particular, the relation between fluxes and axion periodicities,
for example (4.145), means that it is possible for the system to develop an instability where a
membrane is nucleated that reduces the flux by a unit and thereby decreases the potential [337].
The bound on how far up the axion potential it is possible to go before this decay occurs depends
on the membrane tension, and this is bounded by the Weak Gravity Conjecture, which then
relates it to the distance conjecture. This bound was analyzed in [132,133,331,337]. Certain
interesting constraints on such models were derived, in particular a bound on the allowed field
distances was found in [133]
∆φ <
(
Mp
m
) 2
3
(
2pif
Mp
) 1
3
Mp . (4.154)
Here m is the mass of the monodromy axion, and f its decay constant. This constraint does
not by itself constrain the proper distance to be sub-Planckian, since it is possible to consider
mMp.
44Note that backreaction was studied much earlier in the context of flattening the effective axion potential
in [326].
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5 The Emergence Proposal
Ideally, we would like to derive the Swampland constraints from some underlying microscopic
physics. In this section we present a proposal which goes some way towards such an objective.
We denote the inter-related collection of ideas as the Emergence Proposal. The proposal is based
on ideas and results in [31, 49, 74, 89, 338].45 In order to present a coherent proposal, in this
section we will make general statements that are closely related to, but not exactly, those made
in [31,49,74,89,338]. We will try to emphasize the differences from the specific results in the
published papers when possible. We will also unify and extend the results, both in breadth and
detail. With these caveats in mind, the emergence proposal can then be stated as follows.
The Emergence Proposal (based on ideas in [31,49,74,89,338])
The dynamics (kinetic terms) for all fields are emergent in the infrared by inte-
grating out towers of states down from an ultraviolet scale Λs, which is below the Planck
scale.
Practically, what this means is that the renormalisation group boundary conditions at a
certain scale Λs are fixed for all fields such that their kinetic terms are vanishing. Assuming a
weakly-coupled description in the infrared, this practically leads to the same results as taking
the classical contribution to the kinetic terms in the ultraviolet to be sub-dominant to the
1-loop renormalisation group running down from the ultraviolet. Conceptually, however, the
statements are quite different, with the former being the picture advocated in [31,74], and the
latter in [89,338].
The idea of the emergence proposal is that the species scale (2.121), the (magnetic) Weak
Gravity Conjecture (3.7) and the distance conjectures (3.79) and (3.83), can all be thought of
as statements relating the kinetic terms of fields in the infrared to tower of states which couple
to those fields. Such a relation already exists in quantum field theory because integrating out
the towers of states will lead to running for the kinetic terms into the infrared. The proposal is
then that the two relations, Swampland constraints and quantum field theory renormalisation,
are actually the same. For this to be true, the ultraviolet boundary conditions must be fixed
in a certain way, and this way is precisely that they vanish (or are sufficiently sub-dominant
to the running). A natural way to explain such boundary conditions is to assume that at this
ultraviolet scale the fields are not dynamical.
It is important to clearly state that the emergence proposal is speculative, it may or may
not be correct, and it may or may not be the microscopic physics underlying the Swampland
behaviour. Nonetheless, we will see that there are a number of striking relations which follow
from it.
45Quantitatively we will only match the results in [31,89,338]. The idea in [74] of the role of emergent gauge
fields in the Swampland is important, but differs quantitatively and qualitatively from the picture we present.
In [49] the idea of emergent potentials was introduced, but we will develop it significantly here.
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5.1 A toy model for emergent gauge fields
In order to first gain some intuition for emergent fields it is useful to consider a toy model. We
will consider the so-called CPN−1-model of complex scalar fields, see for example [339–341]. The
idea that such a toy model could be related to the Weak Gravity Conjecture was first proposed
in [74], and see [35] for a detailed review of this. The theory is often studied in two dimensions,
where it is conformal in the ultraviolet. We will consider a four-dimensional version, which then
has to have a cutoff ΛCP (for example by a lattice regularization as is often utilized in this
context). As discussed in [74], the part of interest for us of the analysis of the two-dimensional
model then follows through for four dimensions with relatively minor modifications. The model
consists of N complex scalar fields zi which satisfy a constraint∑
i
z∗i zi = 1 . (5.1)
They have the Lagrangian
L = −N
c2
(Dµzi)
∗ (Dµzi) . (5.2)
Here the index on the zi is raised and lowered with a delta function, so is just used to denote
sums. The parameter c is introduced which acts as a type of coupling constant for the theory.
The covariant derivative takes the form
Dµ = ∂µ − iAµ , (5.3)
where
Aµ ≡ 1
2iN
(
z∗i ∂µz
i − zi∂µz∗i
)
. (5.4)
So the gauge field Aµ is not actually a dynamical fields in this theory. One can either just
consider the theory in terms of scalars zi, or write it in terms of a non-dynamical Aµ whose
equations of motion are algebraic and lead to its definition (5.4). Although there is no dynamical
gauge field, the theory does have a gauge symmetry
zi → eiα(xµ)zi , (5.5)
under which Aµ transforms as a gauge field would, thereby ensuring the gauge invariance of the
theory. Similarly to Aµ, we can introduce another field σ which yields the constraint (5.1) as its
algebraic equations of motion, so we consider the Lagrangian
L = −N
c2
[
(Dµzi)
∗ (Dµzi)+ σ (z∗i zi − 1)] . (5.6)
In four dimensions we then need to consider this as an effective theory with a cutoff ΛCP .
The idea is now to treat Aµ as an independent field, so the action as quadratic in the zi,
and then integrate them out as a Gaussian in the path integral. So we write
Z =
∫
DADσDz∗iDzi Exp
[
−N
c2
∫
d4x
(
z∗i (−DµDµ + σ) zi − σ
)]
=
∫
DADσ Exp
[
−N log det
(
−D2 + σ
Λ2
CPN−1
)
+
N
c2
∫
d4xσ
]
. (5.7)
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This yields an effective action for Aµ and σ. We first would like to determine the scalar potential
for σ, for which we set Aµ = 0, take σ to be constant, and go to momentum space
V (σ) = −N
[
− σ
c2
+
∫ ΛCP
d4k log
(
k2 + σ
Λ2CP
)]
. (5.8)
The expectation value of σ, denoted σ0, is then determined by the solution to
1
c2
=
∫ ΛCP
d4k
1
k2 + σ0
. (5.9)
Then by choosing the coupling constant c sufficiently strong
c > ccrit =
[∫ ΛCP
d4k
1
k2
]− 1
2
, (5.10)
we find that σ0 > 0. The non-zero vacuum expectation value for σ implies that the zi gain a
mass
mz =
√
σ0 . (5.11)
However, there will be one combination which will remain massless since it is protected by a
gauge symmetry, this is Aµ. We therefore obtain, at a scale below mz, an effective theory for
Aµ.
The effective action for Aµ can be deduced by expanding (5.7) to second order in Aµ about
the σ = σ0 background. Performing the expansion then yields an effective action
L = − 1
4g2
FµνF
µν , (5.12)
where Fµν = ∂[µAν], the usual field strength. The key point is that the field Aµ has developed
dynamics in the infrared, it has a kinetic term. It is therefore an example of an emergent
dynamical field. As usual, the expansions of determinants in the path integral, as in (5.7), have
an interpretation as Feynman diagrams. The relevant leading contributions to (5.12) can be
thought of as effective 1-loop diagrams. The result is that the gauge coupling for the emergent
dynamical field takes the form
1
g2
=
N
12pi2
log
(
ΛCP
mz
)
. (5.13)
We see that for large N the emergent gauge field is weakly coupled, justifying the 1-loop type
expansion of the determinant.
The gauge coupling (5.13) almost matches exactly the form of the infrared gauge coupling of
a fundamental U(1) field coupled to N charged scalars of mass mz in the infrared, which would
look like
1
g2
=
1
g2ΛCP
+
N
12pi2
log
(
ΛCP
mz
)
. (5.14)
The two agree by setting formally g2ΛCP →∞. So it behaves as if the kinetic term was generated
purely through integrating out the massive charged fields at 1-loop.
130
It was pointed out in [74] that the emergent gauge field of the CPN−1-model satisfies the
electric Weak Gravity Conjecture in the following sense. We can identify ΛCP with the species
scale (2.121), in which case we obtain
mz ≤ ΛCP = Mp√
N
< gMp . (5.15)
In fact, we see that there are many, though not an infinite number, of states appearing at the
scale mz. We also have in this case that the magnetic Weak Gravity Conjecture scale gMp
is identified with the species scale. This is a little strange, we do not expect necessarily that
gravity will become strongly-coupled at the Weak Gravity Conjecture scale. We will see that
both of these effects are artifacts of this being a toy model, while in string theory settings, see
section 5.3, there will indeed be an infinite tower of states associated with the magnetic Weak
Gravity Conjecture scale, and the species scale will be separated from it. Nonetheless, the key
lesson to draw from this analysis is that emergent fields naturally behave as if their kinetic
terms arise purely from integrating out many states at one-loop.
5.2 The Swampland constraints from emergence
In this section we will adopt the idea of emergence, in particular that the kinetic terms for
emergent fields are induced at one-loop in the infrared from integrating out states, but apply it
in a different way to the previous section which is more in line with how it is realized in string
theory. This analysis then follows the results of [31,89,276,338]. While the CPN−1-model is a
toy model for an emergent gauge field, in this section we will consider all fields, including even
gravity, to have emergent dynamics from some scale Λs. It is not clear what this really means
at the ultraviolet scale, since we do not know of theories which can lead to emergent gravity in
this sense. Indeed the Weinberg-Witten theorem [342] says that whatever such a theory might
look like, it would not be some local quantum field theory. Nonetheless, at the level of analysis
that we will perform, we only need to keep some track of the running of the kinetic terms into
the infrared, which we will assume to be given by the prescription that we treat this running as
if the field was fundamental but set the ultraviolet value of the kinetic terms to vanish (or in
the picture of [89,338], set it to be of order one).
We will consider a tower of particles, with an associated mass scale m. So the mass of the nth
state is mn = mn. The particles will be taken to have also increasing charge, so the quantized
charge is qn = n. Now let us impose the emergence of gravity, in this rather vague and mild
sense where we just keep track of the order of magnitude of one-loop effects, so
M2p
∣∣
IR
∼

*
0
M2p
∣∣
Λs
+NΛ2s . (5.16)
We have set the kinetic term, so Mp, at the ultraviolet scale Λs to vanish. We therefore recover
the relation Λs =
Mp√
N
which identifies the ultraviolet scale with the species scale (2.121). This
relation between one-loop effects and the species scale is well known, and naturally leads to the
statement that Λs is a scale where gravity becomes strongly coupled. Note that it is therefore a
rather natural scale at which to expect that kinetic terms for fields may not make much sense
as they involve explicit spatial derivatives, so it is a natural scale from which dynamics may be
emergent. In any case, if we are unhappy with an abstract idea of emergent gravity, then we
can simply take it as an input that the ultraviolet scale should be the species scale.
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Once the ultraviolet scale is fixed in this way, it is simple to calculate a relation between N
and m. Specifically, we have Nm ∼ Λs and so
N ∼
(
Mp
m
) 2
3
. (5.17)
Now let us consider an emergent gauge field in this scenario. Our prescription suggests that
we need to take the gauge coupling to satisfy
1
g2
∣∣∣∣
IR
∼
 
 
 
0
1
g2
∣∣∣∣
Λs
+
N∑
i
q2i log
(
Λs
mi
)
. (5.18)
This yields for the infrared gauge coupling
1
g2
∼ N3 ∼
(
Mp
m
)2
, (5.19)
which is exactly the magnetic Weak Gravity Conjecture (3.7). So the scale gMp is associated
with the mass scale of an infinite tower of states.
Next we consider emergent dynamics for a scalar field ϕ. We denote its kinetic term pre-factor
as gϕϕ, and impose
gϕϕ|IR ∼
*
0
gϕϕ|Λs +
N∑
i
(∂ϕmi)
2 log
(
Λs
mi
)
. (5.20)
Here we have used that the coupling of a scalar to a particle is given by the derivative of its
mass, as discussed in section 3.5.4. We therefore obtain for the infrared value
gϕϕ ∼ N3 (∂ϕm)2 ∼
(
Mp∂ϕm
m
)2
. (5.21)
Now consider the proper distance in the field space of ϕ, moving from ϕi to ϕf , as measured by
this emergent metric. It takes the form
∆φ =
∫ ϕf
ϕi
√
gϕϕ dϕ ∼Mp
∫ ϕf
ϕi
|∂ϕ (logm)| dϕ ∼Mp log
(
m (ϕi)
m (ϕf )
)
. (5.22)
We have taken, by definition of the path in field space, the mass m (ϕ) to be a decreasing
function along the path. Rearranging, we obtain
m (ϕf ) ∼ m (ϕi) e−α
∆φ
Mp , (5.23)
with α ∼ O (1), which is precisely the distance conjecture.
It is quite striking how the emergence proposal relates the species scale, the Weak Gravity
Conjecture and the distance conjecture in this way. Indeed, we may say that the evidence for the
Swampland program can be interpreted as evidence for the emergence proposal. However, we
should keep in mind that this analysis is zeroth order, including assuming a particular structure
for the tower of states.
Note that one might wonder how the emergence proposal could work for asymptotically free
non-Abelian theories. The natural answer is that the tower of charged states corresponds to
increasingly large representations, see for example [89], which turns the running into strong
coupling in the ultraviolet. Another way to view this is to apply the proposal to the Cartan
sub-algebra.
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5.3 Evidence for emergence in String Theory
In this section we will consider evidence for emergence in string theory. This will follow the
analysis and results of [31]. We focus on the setting of type IIB string theory compactified on a
Calabi-Yau manifold, as discussed in section 4.7.1. This setting is in many ways the simplest
one to test the proposal because it maintains N = 2 supersymmetry which means that the
corrections to the kinetic terms of the fields in the vector multiplets are actually one-loop exact
in perturbation theory. It is also a special setting in string theory because in any direction
in moduli space the relevant tower of states are always particle-like, specifically D3 branes
wrapping three-cycles. In other string theory settings, certain limits in moduli space will lead to
extended objects becoming light, and it is not clear how to implement such a situation into the
emergence proposal (though see section 5.5).
The string theory setting is perfect for testing the emergence proposal because it has been
known since [343] that string theory automatically integrates out wrapped D3 branes. This
is true both for the complex-structure moduli space but also for the gauge couplings of the
closed-string U(1) gauge fields in the vector multiplets. The most famous example of this being
the conifold singularity. This is very much analogous to the understanding of Seiberg-Witten
theory in terms of integrating out monopoles [344]. So when we study the moduli space of
string theory, we know that already the tower of states has been integrated out. The test we
can perform is then to compare the integrating out by hand analysis, as in section 5.2, with the
properties of the moduli space. The emergence proposal would predict that they should give
the same answer. This is opposed to say if the tower of states when integrated out only gave a
sub-leading contribution to an already present moduli space geometry in the ultraviolet. Then
the integrating out calculation should not match what the moduli space actually looks like in
the infrared, which is what string theory gives us.46
Let us consider approaching an infinite distance locus in Calabi-Yau complex-structure
moduli space, parameterized in section 4.7.1 as the limit Im t → ∞. The leading behaviour
of the mass of BPS states takes the form (4.138). We can write this in a simplified form by
splitting the charge as
q = nq0 +mq1 , (5.24)
where q0 and q1 are defined such that S (q0,a0) 6= 0 and S (q1, Na0) 6= 0, and all other
inner products vanishing.47 The n and m are integers which specify states in the tower. This
decomposition picks out a (specific representative, not completely general) tower of states whose
mass takes the form
M(n,m) ∼
n
(Im t)
d
2
+
m
(Im t)
d−2
2
. (5.25)
For infinite distance loci where d < 3, we require m = 0 in order for the state to become massless.
In such cases we therefore find a tower of states with integer increasing masses. Integrating
them out, as in the general analysis of section 5.2, leads to gtt¯ ∼ (Im t)−2 which is indeed the
correct asymptotic behaviour of the metric on the moduli space. The case d = 3 is more involved
46The moduli space of the Calabi-Yau has integrated out all the wrapped D3 branes down to zero energy. To see
this we can note that the singularities in the moduli space only occur when wrapped D3 branes become massless.
47Note that in S (q1, Na0) 6= 0, and in section 4.7.1, N refers to the monodromy matrix not the number of
states in the tower.
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because there are three types of towers which can become massless
Mn,0 ∼ n
(Im t)
3
2
, Mn,1 ∼ 1
(Im t)
1
2
, M0,m ∼ m
(Im t)
1
2
. (5.26)
The first and third types, Mn,0 and M0,m, have the standard integer increasing mass spectrum.
The second type of tower Mn,1 is a compressed spectrum. It is analogous to the toy CP
N−1-
model studied in section 5.2, where the masses of the massive states were degenerate. It still,
nonetheless, leads to the correct behaviour for the scalar field kinetic term upon integrating
out [31]. Such a tower is associated to a monodromy orbit as discussed in section 4.7.1, but the
other tower types may also be associated to more general monodromy orbits as studied in [272].
It is interesting to note that such a compressed spectrum may arise. However, the most likely
scenario is the tower of type Mn,0 is populated by BPS states, and it is the one forming the
lightest tower and leading behaviour.
Let us test now the emergence proposal for the gauge fields in the vector multiplets. First
we can consider towers of type Mn,0, these have integer increasing charges and masses. They are
charged under the gauge field with gauge coupling type g(0) according to the notation of section
4.7.1 [31]. Integrating out such a tower reproduces the general results of section 5.2 leading to
gauge coupling behaviour
1
g2(0)
∼ N3 ∼ 1
(∆m)2
∼ (Im t)d , (5.27)
where ∆m denotes the mass separation in the tower. Comparing with table 4.2, for g(0), we
see that this reproduces precisely the behaviour of the gauge coupling, as predicted by the
emergence proposal. For d = 3 there is also another type G gauge field with gauge coupling
g(1). The two possible towers charges under it are Mn,1 and M0,m. The latter gives a tower of
increasing charges and so goes as N3, but now ∆m ∼ (Im t)− 12 and so we find
1
g2(1)
∼ Im t , (5.28)
which matches table 4.2. The tower Mn,1 has ∆m ∼ (Im t)−
3
2 but the charges under the U(1)
do not increase up the tower. Integrating out such a tower leads to running as N rather than
N3, again yielding (5.28) and matching the geometry result.
The quantitative evidence for emergence in the string theory setting is striking. Further,
similar results have been found for six-dimensional theories and N = 1 settings in [102,107,190].
However, it is important to state that we are only matching the leading scaling behaviour at
weak coupling. It is possible that there could be an ultraviolet related scaling of the same type
which is unrelated to integrating out the states. To rule this out would require matching the
precise coefficient of the integrating out effects with the Calabi-Yau moduli space results, which
has not been done.48
The string theory setting also clarifies another subtlety with the emergence proposal. The
question is at what scale should we evaluate the masses of the states that are integrated out.
As is always the case, we should evaluate the masses on their pole masses which effectively
48Also we have not discussed type F U(1) gauge fields, which are discussed in [31]. For these there are some
potential mismatches between integrating out and the geometry, but such type F U(1)s are less well understood
and so the results are uncertain.
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means, since below this scale the mass essentially stops running, we should evaluate the masses
according to their values in the infrared. The formula for the BPS states masses (4.138) is indeed
their mass in the infrared, and so is the correct expression to use for the masses of the states
in the integrating out calculation. So string theory was very useful here because it provides
the expression for the masses of the tower of states having already included the effects of their
running down from the ultraviolet scales.
Note that there is a large degeneracy of states at each mass level in string theory, which is
not accounted for in this simple analysis. See [89] for an analysis of some highly degenerate
string spectra in this context.
5.4 Emergence and dimensional reduction
(Note that this section is not a review of published work, and is mostly new material.) If the
emergence proposal is correct, then it suggests re-examining some of the canonical examples for
the weak gravity and distance conjectures. In particular, we can consider the case of dimensional
reduction on a circle as discussed in section 2.2. There the Swampland conjectures were respected
with the Kaluza-Klein tower becoming exponentially light as a function of the radion field. But
from the emergence perspective this seems like a coincidence. It would be strange if classical
dimensional reduction on a circle integrated out the Kaluza-Klein modes.49 It is fair to say
that we do not fully understand dimensional reduction within the emergence proposal, but in
this section we will at least outline a proposal for understanding it. In general, for dimensional
reduction, the natural interpretation we propose is that already in the higher dimensional theory
the kinetic terms are emergent, and then one simply dimensionally reduces them. For the radion,
the kinetic term is part of the higher-dimensional Einstein-Hilbert term, the kinetic term of the
higher dimensional graviton. The nice thing is that the emergence proposal is consistent under
dimensional reduction which means that one can recover the higher-dimensional emergence from
the lower-dimensional picture. Indeed, this property would be rather crucial for explaining why
we can apply the emergence proposal in a four-dimensional context within string theory which
is a ten-dimensional theory. We will see that it will also shed light on why Kaluza-Klein modes
happen to also satisfy the distance conjecture. This analysis is mostly based on unpublished
work [345], and we refer also to [276,346,347] for relevant work on this topic.
We will consider the case of a scalar field ϕ, rather than graviton-radion, for now. We
consider dimensional reduction from a 5-dimensional theory on a circle of radius R. First we can
check emergence in five dimensions. The 1-loop contribution to the scalar kinetic term behaves
as
g1−loopϕϕ ∼ Λ5N35 (∂ϕm)2 . (5.29)
Here we consider a tower with mass mnT (ϕ) = nTm (ϕ) and define the 5-dimensional species
scale as
Λ5 =
M5
N
1
3
5
, (5.30)
49Indeed, already in [4] the idea of emergence was hinted at, but was ruled out as general due to the simple
Kaluza-Klein example. Note that also there are subtleties with how to interpret integrating down from the species
scale for Kaluza-Klein towers, since a gauge symmetry relates the full tower. Also note that, in the interpretation
of [89, 338] in terms of reaching strong coupling rather than full emergence, it may be that there is no conceptual
problem with classical dimensional reduction.
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where M5 is the five-dimensional Planck mass, and N5 is the number of states in the tower
below the five-dimensional species scale Λ5. Using Λ5 ∼ N5m we can solve
Λ5 ∼
(
mM35
) 1
4 . (5.31)
Then substituting into (5.29) we have
g1−loopϕϕ ∼
M35
m2
(∂ϕm)
2 , (5.32)
which, as in section 5.2, leads to the distance conjecture, so the exponential dependence in m on
the proper distance in ϕ.
Now we can dimensionally reduce this on a circle, and recover the distance conjecture from
a four-dimensional perspective. We will denote the four-dimensional zero-mode of ϕ as ϕ again.
It will then couple to the tower of states and also their Kaluza-Klein modes.50 So the relevant
tower takes the form
m2nT ,nKK = n
2
Tm (ϕ)
2 + n2KKm
2
KK , (5.33)
where mKK =
1
R . We have not gone to the Einstein frame and so have the relation
M35
mKK
= M2p , (5.34)
where Mp is the four-dimensional Planck mass. Now we would like to determine the number
of states N4 below a four-dimensional species scale Λ4. The mass (5.33) determines N as
the number of lattice points inside the ellipsoid of appropriate radii. This ellipsoid can be
approximated as a rectangle, so the number of points is approximately
N4 ∼
(
Λ4
m
)(
Λ4
mKK
)
. (5.35)
This yields for the species scale
Λ4 ∼
(
M2pmmKK
) 1
4 ∼ Λ5 . (5.36)
So the lower dimensional species scale is the same as the higher dimensional one, which makes
the four-dimensional analysis consistent. If we now look at the four-dimensional 1-loop term
g1−loopϕϕ ∼
(
Λ4
m
)3( Λ4
mKK
)
(∂ϕm)
2 ∼ M
2
p
m2
(∂ϕm)
2 . (5.37)
Here it is crucial to note that the derivative acting on the mass picks out only the dependence
on the tower level nT and not nKK . We therefore recover the emergence result in the lower
dimensional theory.
Let us now consider if it is possible to parametrically separate the tower mass scale m from
the Kaluza-Klein mass scale mKK such that the emergence picture in the lower dimensional
theory comes from integrating out only of these types of states. The species scale for just a
Kaluza-Klein tower is the higher dimensional Planck scale, and so it is not consistent to take
50Keeping the Kaluza-Klein modes of the tower of states is similar to the analysis in [21,348] where Kaluza-Klein
modes of oscillator modes were important.
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the tower mass scale higher than it, which implies we cannot discard the tower states. The
species scale for just the tower states is
(
Mpm
2
) 1
3 . Taking the Kaluza-Klein scale larger than
this can be shown to imply that the Kaluza-Klein scale is also higher than the five-dimensional
species scale Λ5. But this would be inconsistent since it would involve a circle radius which
is smaller than the scale at which gravity is strongly coupled. We therefore find that the two
towers cannot be decoupled in a consistent setting.
This non-decoupling of the towers then suggests a possible explanation as to why the Kaluza-
Klein modes satisfy the distance conjecture for the radion. The tower of states which induce the
kinetic term for the radion (the Einstein-Hilbert term) already in the five-dimensional theory
should satisfy the distance conjecture for the four-dimensional radion. But the Kaluza-Klein
tower cannot be consistently decoupled from the mass scale of this tower, and so it must also
satisfy the distance conjecture.
In the type IIB string theory on Calabi-Yau setting the kinetic terms for say the gauge
fields in the vector multiplets came from dimensionally reducing the kinetic terms for the
Ramond-Ramond four-form C(4). Then it is natural to expect that these would already be
emergent from D3-branes in ten dimensions, and the dimensional reduction of the D3 towers
lead to the tower of charged BPS states in four dimensions.51 These are then integrated out to
recover the dimensionally reduced kinetic terms (for the full vector multiplets).
5.5 Emergent potentials
(Note that this section is not a review of published work, and is mostly new material.) One
way to think about the emergence proposal is that the tower of states offers some sort of a dual
description of the physics. In the toy model case this was clear, since the relation (5.4) can be
thought of as a duality. In string theory indeed we often interpret infinite distances in moduli
space as regions where a description in terms of light states is useful, and is dual to a description
in terms of other degrees of freedom. Indeed, one could even say that duality is a necessary
consequence of the emergence proposal, since the existence of the direction in scalar field space
is only due to the existence of the tower of states, and so the dual description, in the first place.
A duality would suggest that perhaps not only kinetic terms for fields are captured by
properties of the tower of states, but also potentials for them. This was proposed as a possibility
in [49], and also mentioned in [272]. Let us see a motivation from N = 2 supersymmetry.
Consider a compactification of type IIB string theory on a Calabi-Yau with Ramond-Ramond
fluxes turned on, so that a scalar potential is induced for the complex-structure moduli. Then
this potential will be related to the gauge kinetic matrix for the gauge field in the vector
multiplets by (4.126). Since we recovered the leading weak-coupling behaviour for the gauge
kinetic matrix from integrating out the tower of charged BPS states, we see that the information
on the potential should be recovered in the same way.
It is informative to think about the origin of the supersymmetry relation (4.126) in string
theory. The right-hand-side is associated to charged particles, which in string theory are D3
branes wrapping 3-cycles, and gauge fields which are coming from expanding the Ramond-
Ramond four-form C(4) in a three-form basis. The left-hand-side is a potential induced by
51Note that due to the structure of Calabi-Yau spaces there is only a single tower of states, rather than a lattice
structure as in (5.33).
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turning on three-form Ramond-Ramond flux, which is threading three-cycles again, and so the
three-cycle geometry captures both the structure of the potential and the gauge kinetic matrix.
In the gauge field case we associated a tower of charged states to the gauge kinetic matrix, but
the potential should instead have associated to it a tower of D-brane states which are linked
to the Ramond-Ramond two-form C(2), so D1 branes. This would therefore suggest that the
relevant tower of states to consider for the potential should be D1 branes, or more naturally
their magnetic dual D5 branes which are wrapping three-cycles and forming domain walls in the
external spacetime. Indeed, it is well known that domain walls are related to potentials, so this
is a natural assignment. This leads to the striking direction that perhaps potentials should be
thought of as emergent from integrating out towers of light domain walls. It is not clear exactly
what this means, but we can make the analogy with the emergence of kinetic terms for fields
more precise as follows.
The D5 branes couple naturally to a Ramond-Ramond six-form C(6), and expanding this
in an internal three-form basis leads to three-forms with legs in the external spacetime. The
relation of these three-forms to the flux potential is an example of a general relation between
three-forms and potentials. At zeroth level, the relation can be understood as the statement that
a four-form flux filling all of spacetime is indistinguishable from a cosmological constant. Such a
relation has been studied in early works [349–351], and more recently played an important role
in the development of the relation between the string theory landscape and the cosmological
constant [352]. In particular, the relation between axion potentials and three-forms as been
developed in [353–356] and utilised in the context of inflation in [337,357]. This relation has been
extensively studied in string theory in a recent program of work [132,138,160,315,330,358–372].
Let us introduce the idea through a simple toy model, following the notation of [357]. We
consider the action
S =
∫
d4x
√−g
[
R
2
− 1
2
(∂a)2 − 1
48
FµνλσF
µνλσ +
µ
24
a
µνλσ√−g Fµνλσ +
q
24
µνλσ√−g (Fµνλσ − 4∂µ (c3)νλσ)
]
.
(5.38)
Here a is an axion (pseudo-)scalar field, Fµνλσ is a spacetime filling four-form which, using a
Lagrange multiplier q, is taken as the field strength of a three-form c3. There is a coupling
between the axion and the field-strength parameterized by µ, and µνλσ is the Levi-Civita tensor
density. Then integrating out F leads to the action [357]
S =
∫
d4x
√−g
[
R
2
− 1
2
(∂a)2 − 1
2
(q + µa)2
]
. (5.39)
We therefore see that a scalar potential has been induced for the axion. The potential is invariant
under a transformation a→ a+ 1 and q → q − µ. This transformation is analogous to (4.145).
Indeed, all flux-induced potentials in string theory can be induced by a more complicated version
of (5.38), in the notation of [368] we can write the flux potential through four-forms as
S =
∫
d4x
[
R
2
? 1− 1
8
ZABF
A ∧ ?FB + 1
4
FAρA + ...
]
. (5.40)
Here FA are four-form field strength where the index A runs over all the fluxes of the compacti-
fication. The ρA are functions of only the axion fields of the theory and the fluxes, while ZAB is
a function of only the geometric moduli (and dilaton) fields.52 Integrating out the four-forms
52This factorisation between moduli and axions is strictly only true at large distances in moduli space where
the axion shift symmetry becomes manifest, and is broken by exponentially small corrections.
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yields the scalar potential
V =
1
8
ZABρAρB . (5.41)
Writing scalar potentials in string theory in the form (5.40) suggests a natural interpretation in
terms of emergence. The kinetic terms for the three-forms could be induced by integrating out
towers of light domain walls. It would be very interesting to understand better how to actually
make such an integrating out procedure quantitative. Particularly so since the ideas presented
in [49] would suggest that the microstates of the tower may account for the entropy of de Sitter
space at large distances in field space.
6 More Swampland conjectures
In this section we discuss a number of Swampland conjectures which are more than variations
on the weak gravity or distance conjectures. Nonetheless, we will see that they will still be
related in certain ways to the same underlying ideas.
Let us first discuss a number of conjectures briefly, before studying some other ones in more
detail. In [1] it was conjectured that the rank of gauge groups, or more generally the number
of matter fields, is bounded in string theory to be finite. Another conjecture is that all gauge
groups are compact [22]. In [142] it was conjectured that appropriate Chern-Simons terms are
always present to break any generalized global symmetries, as discussed in section 3.2. More
precisely, in certain compactifications to low-dimensional theories, the charged objects do not
break all the global symmetries unless the conjectured Chern-Simons terms are present. In [189]
it was conjectured that the spectrum of charged states in compactifications of the Heterotic
string is such that there are always charged fields present which, through obtaining expectation
values, allow to cancel any Fayet-Iliopoulos terms. In [373] it was conjectured that in N = 2
supergravity with no vector multiplets, the θ-angle for the graviphoton is fixed to be 0 or pi.
Finally, an obviously central conjecture, was made in [2] which is that the number of string
vacua is finite.
In section 3.2 we discussed the completeness conjecture which states that all matter represen-
tations are realised in quantum gravity at some mass scale. An interesting question is what types
of massless matter can be realised in string theory. In particular, one can compare the possible
consistent matter spectra which are anomaly free, with known constructions in string theory
and see if all consistent possibilities can be realised. Early work on this program was comparing
anomaly-free six-dimensional supergravity theories with possible constructions from F-theory,
see for example [374–379]. There is also some work on understanding the possible massless
matter spectra for four-dimensional F-theory compactifications, see in particular [380–382] for
systematic attempts at classification, and [288,291] for reviews of F-theory constructions. The
program is particularly interesting for very high-dimensional theories, since there are not so
many such consistent theories, see for example [383] for such studies.53
An interesting way to possibly think about the Swampland is to look for consistency
constraints on quantum field theories which arise from placing them on particular curved
53In some sense an opposite, but related, idea is whether string theory can lead to constructions of new theories
that were not known from the quantum field theory perspective. An example are N = 3 superconformal field
theories in four dimensions [384], and even more exotic N = 7 supergravities [385].
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backgrounds. This may be thought of as related to the Swampland in the sense that coupling
the theories to gravity can naturally be interpreted as the statement that they should be valid
on any spacetime background. This leads then to additional constraints on the theory [386–388].
Implications of these constraints, termed Dai-Freed anomalies, were studied for possible particle
physics models in [389–391].
Another Swampland-related program of study is what type of superconformal theories can
be constructed in string theory. See [392] for an extensive review of this. In some sense this
program is somewhat orthogonal to the Swampland because such conformal field theories are
engineered precisely in the decoupling limit of gravity, so effectively taking the Calabi-Yau to
be non-compact. However, it may be that some remnant of the gravitational constraints still
manifests [392].
6.1 Moduli space conjectures
In this section we will consider moduli spaces in string theory, defined as field spaces spanned by
exactly flat directions. There are a number of conjectures about properties of moduli spaces in
string theory that are related to, but not equivalent to the distance conjecture. Moduli spaces
are known to be closely tied to the existence of extended N = 2 supersymmetry (at least 8
supercharges for general dimensions). One may then consider a possible zeroth order conjecture,
that in quantum gravity exact moduli spaces with finite volume only exist for 8 supercharges or
more. We are not aware of any counter-examples to this, but clearly a significant investigation
would be required to make this a reasonable proposal.
It was conjectured in [2] that the volume of moduli spaces in string theory is finite (for earlier
work along these lines see for example [393]). We can think of the moduli space as defining a
sigma model with a target space (in string theory this would be the Calabi-Yau). Then the
volume is measured with respect to the metric on the subspace of Ricci-flat target-space metrics,
which means we look at deformations of the target space which keep it Ricci-flat. It was noted
that the moduli space composed purely from the radius of a circle has infinite volume, but in
the presence of supersymmetry such a one real-dimensional moduli space cannot exist.54 In the
case of more than 8 supercharges, it is possible to relate the finite volume conjecture to the
conjecture (in [22]) that all gauge groups are compact [303].
While moduli spaces are conjectured to have finite volume, they are also conjectured to always
be non-compact [4], and therefore it must be that near infinite distance loci some orthogonal
direction has to shrink to zero size so as to maintain a finite volume.55 This cone-type structure
is related to two other conjectures made in [4]. First that the scalar curvature of the moduli
space approaching infinite distance loci is always negative. Second, that there are no finite
minimal length one-cycles in the moduli space within a given homotopy class. Roughly speaking,
this means that if there is an axion in the moduli space, then one can always make its decay
constant vanish at infinite distance. Again, with more than 8 supercharges, these properties can
be related to properties of gauge symmetries, such as the completeness conjecture, as shown
in [303].
54For compactifications on a circle there will also be a pseudo-scalar associated to the Wilson line of the
graviphoton which will have a vanishing kinetic term in the infinite distance limit, thereby preserving the finiteness
of the moduli space volume.
55This direction is related to the monodromy action discussed in section 4.7.1.
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Figure 36: Figure illustrating the fragmentation of anti-de Sitter space with spacetime-filling
flux. A brane nucleates and, as long as its charge is larger than its tension, expands to the
boundary of AdS reducing the flux by one unit in its interior.
6.2 Non-SUSY AdS conjecture
In [394] a slightly sharpened version of the electric Weak Gravity Conjecture (3.6) was proposed.
It was argued that in the absence of supersymmetry the inequality should be replaced by a
strict inequality
m <
√
2gqMp . (6.1)
This is certainly reasonable, the left hand side is related to Poincare´ symmetry, while the right
hand side is an internal symmetry, and by the Coleman-Mandula theorem the only symmetry
that can relate the two is supersymmetry. In the absence of an exact local symmetry, it is
difficult to see how an equality between the two sides could be maintained at all loop order.
The refined version of the Weak Gravity Conjecture (6.1) becomes particularly interesting when
generalized to higher dimensional objects as in (3.68). This is because there is a process called
fragmentation of anti-de Sitter space [395]. Specifically, in anti-de Sitter space supported by
flux, so we can consider AdSp+2 which has a spacetime filling (p+ 2)-form flux through it, there
exists an instanton solution corresponding to a p-brane nucleating and expanding out do the
boundary of the AdS space. The end result is the AdS space with one less unit of flux and a
p-brane. This process is illustrated in figure 36. It is also possible to consider many such branes
in which case the AdS space splits into two AdS spaces with fluxes on them that sum to the
original flux. The question of whether the process occurs dynamically relates to the tension and
charge of the p-brane. On one hand the tension of the brane will want it to contract, but the
charge will drive an expansion. If the charge is greater than the tension the expansion, and AdS
fragmentation, will occur. The refinement of the Weak Gravity Conjecture states that in the
absence of supersymmetry there always exists such a brane, and so AdS space supported by flux
carries an intrinsic instability [394].
While this shows that AdS space supported by flux is unstable, it was conjectured in [396]
that this instability is part of a more general phenomenon and that any non-supersymmetric
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AdS space is unstable.
Non-Supersymmetric AdS Instability Conjecture [396]
Any realization of non-supersymmetric anti-de Sitter space must exhibit some
instability.
A similar suggestion was also made in [397]. This conjecture was studied and tested further
in [68,394,398–402]. In [403] it was further argued that geometries which look locally like AdS
also manifest such an instability.
The instability of AdS space is due to a tunneling phenomenon and so takes a long time
to manifest. However, it has rather crucial implications for holography in the AdS/CFT
correspondence. Because from the boundary of AdS the decay would appear instantaneous, and
so would manifest as such an instability of the dual CFT [404]. This would then imply that
non-supersymmetric CFTs with gravitational duals should always be unstable.
6.2.1 Implications for Particle Physics
An interesting application of the AdS instability conjecture relates to compactifications of the
Standard Model on a circle. In [405] compactifications of the Standard Model, with unfixed
neutrino masses, on a circle to three dimensions were considered and the resulting effective
potential for the radius of the circle was studied. It was shown that there are two competing
effects, the magnitude of the cosmological constant, and the Casimir energy associated to light
degrees of freedom. In the Standard Model these are the photon, the graviton, and the neutrinos.
It was shown that for sufficiently large neutrino masses, larger than the magnitude of the
cosmological constant, an AdS minimum forms for the radion field. An interesting possibility
arises which is that the AdS instability conjecture may forbid the existence of this stable AdS
vacuum, which translates into bounds on properties of neutrinos. The idea was first raised
in [396], and studied in detail in [406–410]. A particularly striking possibility is that it bounds
the neutrino masses by the cosmological constant
mν < Λ
1
4 . (6.2)
It was then pointed out in [407] that this could lead to insights into the hierarchy problem since
the neutrino masses are naturally tied to the scale of electroweak symmetry breaking.
An important difficulty with this chain of reasoning is that even if the AdS instability
conjecture holds it is difficult to argue that there is no instability induced by physics at higher
energy scales than the neutrinos. In particular, in [408] it was shown that one must add the
Wilson line of the electromagnetic gauge field on the circle to the analysis, and this leads to an
instability associated with the electron. In [409,410] a possible way to remove the instability
was considered by taking an orbifold compactification. It was then argued that the question of
stability of the AdS vacuum would be related to physics of supersymmetry breaking.
It is worth noting at this point that in [96] another possible argument for an inequality like
(6.2) was suggested. By modeling the cosmological constant as a linear repulsive force, it was
argued that neutrinos would form a tower of (meta-)stable bound states if placed at a distance
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of order their Compton wavelength unless the inequality is satisfied. Of course, the question is
whether this tower of bound states is problematic or not for quantum gravity.
6.3 Stu¨ckelberg conjectures
Massive fields can often propagate a different number of degrees of freedom to massless fields.
The most well-known case is a massive photon which propagates three, rather than two, degrees
of freedom. Such fields admit a helicity decomposition which picks out the internal additional
degrees of freedom of lower spin, the Stu¨ckelberg fields, and the kinetic terms for those degrees
of freedom then manifest explicitly form the mass term of the higher spin field. An interesting
possibility is to apply the Weak Gravity Conjecture to the Stu¨ckelberg fields and thereby
constrain some properties of the higher spin fields. This idea was studied for massive spin-1
fields in [153] and for massive spin-2 fields in [348,411].
6.3.1 Spin-1 conjecture
A massive spin-1 field has a Stu¨ckelberg field which is a pseudo-scalar. We can decompose the
massive gauge field Aµ into a transverse gauge field A
⊥
µ and a longitudinal Stu¨ckelberg axion θ
as
Aµ = A
⊥
µ + ∂µθ . (6.3)
Then the mass term for the gauge field induces a kinetic term for θ making it dynamical
m2AµA
µ ⊃ m2 (∂µθ) (∂µθ) . (6.4)
The proposal of [153] is that we may consider the mass term m as an axion decay constant f ,
analogously to (3.69), and then apply the axion version of the magnetic Weak Gravity Conjecture
(3.78) to deduce a condition
Λ <
(
mMp
g
) 1
2
, (6.5)
where g is the massive gauge field coupling.
The proposal (6.5) has a number of subtleties discussed in [153]. The most crucial one is
that it only applies to gauge fields which gain a mass through a Stu¨ckelberg mechanism in string
theory, rather than just a simple Higgs mechanism. The idea is to differentiate between the two
possibilities by the statement that the m → 0 limit is at infinite distance in field space for a
Stu¨ckelberg massive field. Then the cutoff can be related to the distance conjecture. In this
sense, the conjecture is more of an application of the distance conjecture than a completely
general statement about massive gauge fields.
It was argued in [412] that one can apply a similar reasoning to that discussed in section 3.5.2,
to show that the conjecture can be violated by a low-energy effective theory while respected
in the ultraviolet. Similarly to the discussion in section 3.5.2, it remains to see though if such
setups can be realized in string theory.
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6.3.2 Spin-2 conjecture
The application of the Weak Gravity Conjecture to the Spin-2 case was first studied in [348].
In some sense it is actually simpler than the spin-1 case. Firstly because there is no known
Higgs mechanism for massive spin-2 fields, and so there is no ambiguity regarding a stringy
Stu¨ckelberg versus a Higgs mass. And secondly because the Stu¨ckelberg fields include a gauge
field, which means that the gauge field version of the magnetic Weak Gravity Conjecture can be
applied which is better understood than the axion version.
A massive spin-2 field can be written as a symmetric tensor wµν . It has 10 degrees of freedom,
but only 5 are propagating. These can be decomposed into 2 propagating degrees of freedom
of a massless spin-2 field, 2 propagating degrees of freedom of a massless gauge field, and 1
pseudo-scalar degree of freedom.56 This helicity decomposition reads (see, for example, [413])
wµν = hµν + 2∂(µχν) + Π
L
µνpi . (6.6)
Here, hµν is the helicity-2 mode, χµ the helicity-1 mode, and pi the scalar longitudinal mode,
with ΠLµν being the associated projector. The action for a massive spin-2 field coupled to gravity
is
SG =
∫
d4x
√−g
[
M2pR−
1
4
wµνLρσµνwρσ −
1
8
m2
(
wµνw
µν − w2)+ ...] . (6.7)
The Lichnerowicz operator takes the form (in flat space)
Lρσµνwρσ = −
1
2
[
wµν − 2∂(µ∂αwαν) + ∂µ∂νw − ηµν
(
w − ∂α∂βwαβ
)]
. (6.8)
The last term in (6.7) is the Fierz-Pauli mass, with w ≡ ηµνwµν . This mass term, after
integration by parts, contains the kinetic term for χµ
LFP ⊃ −1
8
m2FµνF
µν , (6.9)
where Fµν ≡ ∂µχν − ∂νχµ.
We would like to associate a gauge coupling to the gauge field χµ. To do that we need to
specify its interactions, since this is what the gauge coupling really measures. This is exactly
the same procedure as for the Weak Gravity Conjecture. We therefore specify the coupling of
the gauge field to a canonically normalised matter current as
Lχint =
m2
Mw
χµJ
µ , (6.10)
where we have introduced a mass scale Mw which specifies this coupling. With this definition
we can read off the gauge coupling for χµ
gm =
m√
2 Mw
. (6.11)
The Spin-2 Conjecture is then nothing but the magnetic Weak Gravity Conjecture (3.7)
applied to the gauge coupling (6.11).
56In analogy with the Higgs mechanism, we can think of the gauge field eating the scalar to become massive,
and the massless spin-2 field eating the massive gauge field to become massive.
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Spin-2 Conjecture [348]
A theory with a massive spin-2 field, coupled to gravity, with mass m, and an
interaction scale of the helicity-1 mode Mw as in (6.10), has a cut-off scale Λm with
Λm ∼ m Mp
Mw
. (6.12)
This cutoff is associated with the mass scale of an infinite tower of states.
The definition of Mw through the explicit form of the current coupling (6.10) is chosen
such that it naturally coincides with the interaction scale of the massive spin-2 field itself.
This is not an assumption underlying the conjecture, but rather a natural way to present it.
To see this consider an interaction of wµν with some associated tensor (not necessarily the
energy-momentum tensor)
Lwint =
1
M ′w
wµνT
µν
w . (6.13)
Then after integration by parts we can write this as
Lwint ∼
1
M ′w
χµ (∂νT
µν
w ) ≡
(m′)2
M ′w
χµJ
µ . (6.14)
We can now compare this with the definition (6.10). We see that if m′ ∼ m then M ′w ∼ Mw.
In [348] it was argued that m′ ∼ m is a natural expectation since we expect this interactions of
the helicity-1 mode χµ to vanish when m → 0. The latter is due to the fact that if the mass
was vanishing, a gauge symmetry would ensure the conservation of the tensor Tµνw , this is true
at least at the linear level to which we are working. While this argument suggests identifying
m ∼ m′, it is important to work towards proving this identification rigorously.
It is informative to look at the canonical example of a massive spin-2 field, Kaluza-Klein
gravitons, to see how these general expressions manifest. We consider a compactification of
Einstein gravity from five dimensions to four dimensions on a circle. This is a special case of
the general analysis in sections 2.2.1 and 2.3.1, which we will follow. We first Fourier expand
the metric components in (2.101) as
gµν =
∑
n
gnµν (x
µ) e2piinX
5
, Aµ =
∑
n
Anµ (x
µ) e2piinX
5
, Ψ =
∑
n
ψn (xµ) e2piinX
5
. (6.15)
Here we also introduced a 5-dimensional scalar field Ψ, and its Fourier expansion. Now we
consider the kinetic term for Ψ
1
2
∫
d5X
√−GGMN∂MΨ∂NΨ ⊃ 1
2
∫
d5X
√−GGµ5∂µΨ∂5Ψ
=
1
2
∫
d4x
√−g
∑
n
AnµJ
µ
n , (6.16)
where
Jµn =
∑
m
(n+m)ψn+m∂µψm . (6.17)
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The gauge coupling for all the Kaluza-Klein gauge fields Anµ is the same as the one for the zero
mode (2.103), which we can write as
gn ∼ mKK
Mp
. (6.18)
The Kaluza-Klein gauge fields are nothing by the helicity-1 modes of the Kaluza-Klein gravitons,
which are massive spin-2 fields. The interaction (6.16) is canonically normalised, which means
we can read off the gauge coupling as (6.18), matching the proposal (6.11) with Mw = Mp, as
appropriate for gravitationally interacting massive spin-2 fields. One also seems that, relating to
(6.14), indeed m′ ∼ m. The Spin-2 conjecture then implies Λm ∼ mKK , indeed coinciding with
an infinite tower of states.
The application of the magnetic Weak Gravity Conjecture, to arrive at the Spin-2 conjecture,
is here very much along the lines of its relation to the distance conjecture and the emergence
proposal discussed in section 5. These are related to the kinetic terms of the fields, and so
naturally extends to the case when the graviton itself has a mass. This lead to the proposal for
a strong version of the spin-2 conjecture [348]. The Strong Spin-2 Conjecture states that in
the case when the graviton has a mass mgrav, the cut-off scale is set my this mass
Λm ∼ mgrav . (6.19)
This has a rather strong implication since the mass of the graviton is experimentally constrained,
for example by gravitational waves, as mgrav < 10
−22eV [414]. Therefore, if the strong Spin-2
conjecture holds then it predicts that the mass of the graviton must be exactly zero.
In [348], it was proposed that the Spin-2 conjecture can be formulated in terms of Weyl
gravity.
SG =
∫
d4x
√−g
[
M2pR+
1
2g2W
WµνρσW
µνρσ + . . .
]
, (6.20)
where Wµνρσ is the Weyl tensor
Wµνρσ = Rµνρσ + gµ[σRρ]ν + gν[ρRσ]µ +
1
3
Rgµ[ρgσ]ν .
Specifically, the action (6.20) has a massive spin-2 ghost, with mass m ∼ gWMp. Following
[415–417], it was proposed that this mass is related to the mass of a physical massive spin-2 field
whose kinetic terms are made positive by an infinite series of higher derivative terms completing
(6.20). In this sense, the spin-2 conjecture can be thought of as a Weak Gravity Conjecture for
gW , the coefficient controlling the W
2 term.
The Spin-2 conjecture is satisfied in all fully understood string constructions since massive
spin-2 fields are Kaluza-Klein gravitons, or string oscillator states, which are indeed associated
with an infinite tower at the mass scale (6.12). Interestingly, also the strong spin-2 conjecture
(6.19) can be tested in string theory in terms of S-fold W-superstring constructions [385]. There
is no massless spin-2 graviton and the spectrum starts right away with massive higher spin fields,
which again set the mass scale of an infinite tower. Note however that in [418, 419] massive
spin-2 constructions were studied for AdS backgrounds holographically, and possible embeddings
of these in string theory were proposed in [420,421]. It would be interesting to study if these
constructions satisfy the Spin-2 conjecture.
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In [411] various objections to the Spin-2 conjecture were raised. In particular, it was argued
that the Weak Gravity Conjecture should not apply to Stu¨ckelberg gauge fields, and that the
scaling m′ ∼ m is incorrect. The latter objection does not really apply to the formulation of the
conjecture, since Mw is defined through the interaction of the helicity-1 mode. Also m
′ ∼ m
can be seen to not be generally incorrect since it applies to the canonical case of Kaluza-Klein
gravitons. It is of course true that both the scaling m′ ∼ m and the application of the Weak
Gravity Conjecture to Stu¨ckelberg fields are assumptions, with natural arguments discussed
above, but are unproven. Another objection raised in [411] was that the Kaluza-Klein case
behaves the way it does due to the Weak Gravity Conjecture applying to the massless zero-mode
gauge field. However, this can be seen to not be the case by generalising the reduction from
a circle to an orbifold S
1
ZN , in which case the zero-mode gauge field is projected out, but the
analysis of the massive modes remains largely unchanged.
7 The de Sitter Conjecture
The idea of a String Theory Landscape dates back as far as the realization of string theory as
a consistent theory. For example, in [422] already appeared numbers such as 101500 models.
However, the Landscape became a particularly powerful idea in relation to the Cosmological
Constant problem by forming a framework that can potentially realize the idea of anthropic
selection of the cosmological constant as proposed in [423]. This role for the Landscape was first
emphasized in [352], building on earlier similar ideas in [424–426]. The anthropic solution to the
cosmological constant problem within string theory is that the Landscape provides a very large,
but discrete, number of vacua whose cosmological constant can take any positive or negative
value. Anthropic selection, in particular the formation of galaxies, then selects a small positive
cosmological constant. An important part of this proposal is that the cosmological constant
is not a free parameter in the theory. In 11-dimensional supergravity, the low-energy limit of
M-theory, there is no cosmological constant. Rather, what we view as a cosmological constant is
a minimum of a scalar potential induced by the compactification of the supersymmetric higher
dimensional theory. Henceforth, when we refer to a de Sitter vacuum of string theory, we mean
a vacuum which is a local minimum of the scalar potential where the potential takes a positive
value.
In practice, it has proven very difficult to construct de Sitter vacua in string theory. This
may be due to the fact that the starting point is a supersymmetric theory, while de Sitter
space is non-supersymmetric. Another difficulty is a practical one, a de Sitter vacuum requires
stabilizing all the moduli, this is in general a difficult problem and also there are not so many
different well-understood mechanisms for doing so. A reasonable perspective on these difficulties
is then that simply we are not technically able enough to construct complete exact de Sitter
solutions to string theory. From this perspective we may then aim only at a reasonable proposal
on how a de Sitter vacuum could be constructed, without requiring a proof that this is a solution
to string theory. The prototypical example of an extremely reasonable de Sitter prescription
is the KKLT scenario [233]. We will discuss de Sitter vacua in string theory in more detail in
section 7.3.
It is also reasonable, however, to take the technical difficulties more seriously as a hint that
there is a deep obstruction to constructing de Sitter vacua in string theory. So in the spirit of
this review, we may consider the possibility that de Sitter vacua are in the Swampland. This
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may at first appear inconsistent with observations since we have good evidence that the universe
is entering a phase of late-time acceleration which is most likely driven by a positive cosmological
constant. However, inflation is also a phase of acceleration that the universe most likely has
passed through, and it was not due to a cosmological constant. Indeed, inflation was most likely
driven by a scalar field rolling down a potential. It is therefore not completely unreasonable,
given that our best ideas for past acceleration are based on scalar fields rolling, to consider
that the late-time acceleration is also due to such a mechanism. Such a scenario is termed
dynamical dark energy, the most well-known version of which is quintessence [427,428], and we
refer to [429] for a review. The possibility that de Sitter vacua are in the Swampland is therefore
not ruled out by observation. It also does not mean that the anthropic selection solution to the
cosmological constant problem is lost. Rather, we must consider that string theory may allow
for a Landscape of potentials which have flat enough regions to lead to accelerated expansion
of the universe, and anthropic arguments then limit the magnitude of the potential in those
regions.
The possibility that string theory does not allow for de Sitter vacua is not new, see [430] for
a recent review of the history of the field, and section 7.3 for more detailed discussion. However,
it has recently gained impetus by a quantitative proposal for a more detailed constraint on
properties of potentials that are not in the Swampland. The de Sitter conjecture proposes a
lower bound on the gradient of potentials in positive regions [431].
The de Sitter Conjecture [431]
The scalar potential of a theory coupled to gravity must satisfy a bound on its
derivatives with respect to scalar fields
|∇V | ≥ c
Mp
V , (7.1)
where c > 0 is a constant of order one.
The ∇ in (7.1) means one must consider the vector of derivatives with respect to all the
scalar fields in the theory, such that the bound is on the norm of that vector. The constant c
is not specified sharply, and the possibility that it is of order say 0.01 was not explicitly ruled
out. Indeed, it was proposed in [431] that it may be possible to make it quite small, but at
the cost of having a cutoff due to an infinite tower of states become exponentially light, as in
the distance conjectures (3.79) and (3.83). It was shown in [432] that the present acceleration
constrains c < 0.6.
The original proposal of the de Sitter conjecture [431] was based almost completely on
evidence from examples in string theory. In [49] a more general argument was presented for
the conjecture based on the entropy of de Sitter space and the distance conjecture.57 We will
discuss this in more detail in section 7.2. The relation to the entropy of de Sitter space lead to
a natural refinement of the original conjecture.
57More precisely, as discussed in section 7.2, the argument only held in parametrically large distances in scalar
field space.
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The Refined de Sitter Conjecture [49, 433]
The scalar potential of a theory coupled to gravity must satisfy either
|∇V | ≥ c
Mp
V , (7.2)
or
min (∇i∇jV ) ≤ − c
′
M2p
V . (7.3)
Here c, c′ > 0 are constants of order one, and the left hand side of (7.3) is the minimum
eigenvalue of the Hessian in an orthonormal frame.
The second condition (7.3) arises because, as explained below, if it is satisfied then there is
an instability which implies that the entropy-based argument for the first condition (7.2) breaks
down. There are also other proposed refinements of the de Sitter conjecture [433–438].They
typically involve also a condition on the second derivative.
In [49] the refinement was motivated largely by the relation to the entropy of de Sitter
space. Another good reason to consider such a refinement is to avoid some well motivated
counter-examples in the Standard Model and extensions of it. In particular, in [439] it was
pointed out that the top of the Higgs potential would strongly violate the original de Sitter
conjecture (7.1) since we have there
|∇V |
V
∼ 10
−55
Mp
,
min (∇i∇jV )
V
∼ −10
35
M2p
. (7.4)
It may be possible to satisfy the de Sitter conjecture (7.1) through some difficult to realize
scenarios [439]. But we see that the Refined de Sitter conjecture is certainly satisfied. Similarly,
it was argued that the QCD axion and the QCD phase transition would be associated to
violations of the original conjecture [440,441].58 It was shown in [49] that the refined de Sitter
conjecture avoids these counter examples. More generally, the relation to the top of any axion
potential is interesting because the second derivative of such a potential is bounded as
min (∇i∇jV )
V
≤ − 1
f2
. (7.5)
The refined de Sitter conjecture therefore is satisfied for any such axion as long as f ≤ Mp,
which is implied by the Weak Gravity Conjecture for axions (3.70).
The rest of this section is devoted to reviewing various aspects of the de Sitter conjecture.
In section 7.1 we will introduce some important concepts related to de Sitter space, and also
some general arguments which closely relate to the de Sitter conjecture but are not necessarily
set within string theory. In section 7.2 we will review a connection between the refined de Sitter
conjecture and the distance conjecture that was pointed out in [49]. In section we will present a
(brief) review of attempts at constructing de Sitter vacua in string theory, the various no-go
theorems and the best candidates for de Sitter constructions. There has been a significant
program of study of the cosmological consequences of the de Sitter conjecture, and these will be
reviewed in section 7.4.
58Interestingly, the conjecture could actually be utilised to argue for the existence of the QCD axion in the first
place [442].
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7.1 Some quantum aspects of de Sitter space
In this section we will review some properties of de Sitter space, following [443,444]. We can
describe d-dimensional de Sitter space dSd as a hypersurface, embedded in d+ 1 dimensional
Minkowski space Md+1, defined by the equation
−X20 +X21 + ...+X2d = R2 , (7.6)
where R is the radius of the de Sitter space. This is related to the cosmological constant on the
space Λ as
Λ =
(d− 2) (d− 1)
2R2
. (7.7)
In global coordinates we can write the metric on dSd as
ds2 = −dt2 +R2 cosh2
(
t
R
)
dΩ2d−1 , (7.8)
where dΩ2d−1 is the metric on the unit Euclidean (d− 1)−sphere. This shows that de Sitter
space can be thought of as a sphere whose radius evolves in time, starting from infinite size,
shrinking to radius R, and then becoming infinitely large again. We can also write the metric in
Static coordinates which reads
ds2 = −
(
1− r
2
R2
)
dt2 +
(
1− r
2
R2
)−1
dr2 + r2dΩ2d−2 . (7.9)
This shows that de Sitter space has a horizon of radius R. This horizon is a bit different to that
of a black hole, it is associated to an observer. It is defined by the causal patch available to a
given observer, so an observer cannot probe a distance further than R. Even though the horizon
is different to a black hole, it may still be associated a temperature, the Gibbons-Hawking
temperature TdS [445],
TdS =
1
2piR
. (7.10)
From the temperature we can associate an entropy SdS . We will restrict henceforth to four-
dimensional spacetime d = 4, so the entropy reads
SdS = 8pi
2 (RMp)
2 . (7.11)
For black holes we interpret the Bekenstein-Hawking entropy as the logarithm of the number of
microstates of the black hole. This has been made explicit for certain black holes in string theory
following the seminal work [446]. It was proposed in [443,447] that a similar interpretation in
terms of microstates should be assigned to de Sitter entropy. So we define asymptotically de
Sitter microstates as those which asymptote to de Sitter space in the future, and assign the
entropy to the logarithm of the dimension of the Hilbert space associated to those microstates
SdS = log dim H . (7.12)
It is not completely clear how to define this Hilbert space, see for example [443, 447, 448] for
discussions. Indeed, there are many aspects of de Sitter space which are difficult to make precise
which are due to the absence of a spatial infinity to define asymptotics. For example, there is
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no definition of an S-matrix in de Sitter space, which makes it difficult to define string theory
on it.59 There is no conserved notion of energy, and there is no supersymmetry.
It is expected that in quantum gravity de Sitter space is at best meta-stable. This is consistent
with the definition discussed above for string theory of de Sitter vacua being minima of a scalar
potential, since one always expects a decompactification limit leading to a supersymmetric higher
dimensional theory with zero energy to exist. It is then always possible to tunnel to this zero
energy limit, though the tunneling time can easily exceed the age of the universe.60 This may
also be related to an obstruction to reaching the Poincare´ recurrence time of de Sitter tR ∼ eSdS .
Poincare´ recurrence, the system returning to its original state, occurs in any system which has a
finite dimensional Hilbert space, like de Sitter space, and which evolves for a sufficiently long
time. Another possibly important time scale for de Sitter space is a possible analogue to the
Page time of black holes [449,450].
Some arguments, prior to the de Sitter conjecture, have been made that de Sitter space must
be not only meta-stable but actually unstable. In [451], see [452] for a review, and also similarly
in [453–455], it was argued that de Sitter space is unstable when coupled to an interacting
quantum field theory.61 The idea is that the (Bunch-Davies) vacuum is such that there is
particle production from the vacuum, and the interactions of these produced particles lead to
perturbations which break the de Sitter isometry group. This leads to a time-dependence which
decreases the spacetime curvature. This is a type of discharge of the cosmological constant into
matter and radiation. In [436,459,460] a different argument for an instability of de Sitter space
was presented. The idea is to consider de Sitter space as a coherent state of gravitons on top
of a Minkowski background. The graviton fields within the coherent state can interact with
each other, and over a sufficiently long time these interactions will cause the coherent state to
become a fully quantum state with no semi-classical description. This time scale was denoted
the quantum break time of de Sitter space, and is in some sense analogous to the Page time of
black holes. It was argued that quantum breaking of de Sitter should not occur and instead the
space must exhibit an instability. The instability must be sufficiently strong to censor quantum
breaking, which lead to an expression similar to the refined de Sitter conjecture.
7.2 Relation to the distance conjecture
In [49] a relation between the distance conjecture (3.79,3.83) and the de Sitter conjecture was
studied. It was argued that the refined de Sitter conjecture (7.2-7.3) follows from the distance
conjecture, or more precisely from an interpretation of it in terms of duality, at parametrically
large distances in field space. The main idea is that at large distances in field space towers of
states become light thereby increasing the number of states in the theory and so the dimension
of the Hilbert space. The interpretation of de Sitter entropy in terms of the dimension of a
Hilbert space (7.12) suggests then that the entropy should increase with field distance. The
proposal of [49] is that at parametrically large distances in field space the exponentially large
number of light states dominate the Hilbert space and so determine the behaviour of the de
59In anti-de Sitter space the S-matrix is replaced by correlation functions on the boundary, leading to a precise
definition of physics in the bulk.
60It is not clear to the author how to actually define the de Sitter horizon in quantum gravity, since to fully
probe the causal patch of an observer would take an infinite amount of time, by which the de Sitter space would
have decayed.
61Some arguments were presented also for a non-interacting quantum field theory, for example in [456–458].
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𝐿𝑅 𝐿 = 𝑅
Apparent	Horizon
Figure 37: Figure illustrating the light sheets associated to spheres with radii L smaller than,
or equal to, the apparent horizon of an accelerating universe of radius R. The sheets converge
to a caustic at finite distance for L < R. The covariant entropy bound relates to the entropy of
states on the light sheets, thereby naturally associating a maximum entropy to the apparent
horizon.
Sitter entropy. The monotonic increase in the number of such states, according to the distance
conjecture, then implies a monotonic increase in entropy. Noting that the entropy of de Sitter
space is inversely proportional to the cosmological constant this implies that the constant would
need to decrease at large distances in field space. In other words, it cannot be a constant but
must be a scalar potential which has a non-vanishing derivative. The exponential nature of
the tower of states in the distance conjecture is then mapped to the property of the potential
that its derivative should be proportional to itself, reproducing the first condition of the refined
de Sitter conjecture (7.2). This argument obviously relies on some semi-classical notion of de
Sitter entropy, and the second condition of the refined de Sitter conjecture (7.3) states that if
such a notion does not exist, due to a sufficiently strong instability of the potential, then the
conjecture may not hold. This summarizes the essential points, and the rest of this section will
review some more details.
The first thing to establish is how to assign an entropy to a field rolling on a potential
rather than a cosmological constant. The suggestion in [49] is to utilize the covariant entropy
bound [36,37] and apply it to the largest possible area. The point is that if the scalar field is
rolling slowly enough such that there is an accelerated expansion, then an apparent horizon (as
opposed to a cosmological horizon) will exist. This requires
|∇V | ≤
√
2V . (7.13)
If (7.13) is violated then clearly the de Sitter conjecture is satisfied, so we are only interested
in the case where it is satisfied and an apparent horizon exists. The covariant entropy bound
is defined in terms of the entropy on converging light sheets, and the apparent horizon is the
largest radius for which we have such converging sheets. This is illustrated in figure 37. In this
152
sense the radius of the apparent horizon R, where
R ∼ 1√
V
, (7.14)
gives a natural measure of the entropy of a quasi-de Sitter space, so with a rolling scalar field.
The entropy associated to the states in the tower is not so easy to determine since it amounts
to counting the associated microstates. Indeed, the emergence proposal, see section 5, would
suggest that the appropriate tower is actually a tower of domain walls. But we can expect some
coarse properties of the entropy, it should increase as some order one power of the number of
states in the tower N , and possibly as some order one power of the apparent horizon radius R.
So we can write
Stower ∼ NγRδ , (7.15)
with γ and δ some undetermined order one numbers. Now the crucial point is to assume that
the tower dominates the Hilbert space, and so we can associate the entropy of the quasi-de
Sitter setting equal to its entropy
R2 ∼ NγRδ , (7.16)
which yields
V (φ) ∼ R−2 ∼ N− 2γ2−δ . (7.17)
The number of light states in the tower is taken to be
N ∼ n (φ) ebφ , (7.18)
where n (φ) is accounting for the number of different towers becoming light, and is taken to
increase monotonically with φ. b is some order one number. Together (7.17) and (7.18) yield
the de Sitter conjecture with
c ∼ 2bγ
2− δ . (7.19)
The crucial step of setting the entropies equal (7.16) can be motivated in two ways. First, it is
natural to expect that with an exponentially large number of states the tower would eventually
dominate the Hilbert space. Second, the interpretation of the distance conjecture in terms of
duality, specifically that the light states are offering a dual description of the physics, implies
that the entropies should be equated.
It is worth noting that it is not the case that one expects the covariant entropy bound to be
violated unless R increases with N to satisfy (7.16). Rather it is expected that it will be more
and more closely saturated. A violation would be censored, for example through the species
scale becoming lighter than the Hubble scale, as discussed in section 3.3.1. Indeed, another way
to think about this censorship is that the decreasing species scale due to the tower of states
induces a consistency bound on the magnitude of the potential. This agrees with the ideas
in [31,338,461,462].
The second condition of the refined de Sitter conjecture (7.3) can be understood by noting
that the finite temperature of de Sitter space induces a positive mass to scalar fields, at horizon
scales, of order the potential. Therefore, the second derivative of the potential may be negative
and still no instability would manifest, but if its magnitude is more than the potential there will
be an instability on horizon scales spoiling an entropic interpretation of the horizon. Another
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way to think of it is as the condition that the apparent horizon should exist for at least one
Hubble time.
The relation between the distance conjecture and de Sitter conjecture is manifest by this
argument at parametrically large distances in field space. Since in string theory all coupling
constants are field dependent, such that weak coupling is at large distance in field space, the
argument holds at any parametrically controlled regime of string theory. In this sense it is a
type of generalization of the Dine-Seiberg problem [463], which states that the string coupling
induces a runaway direction in field space in any sufficiently perturbative regime of string theory.
However, it is significantly stronger since it applies at any point where the Hilbert space is
dominated by any of the many possible light towers of states.
Perhaps more importantly, it connects microscopic and quantum aspects of de Sitter space
with properties of potentials in effective field theories that can arise from string theory. This
forms a contribution towards the goal that, eventually, we would like string theory to shed
some light on quantum and microscopic aspects of de Sitter space, or if it does not exist within
the theory then an accelerating universe with an apparent horizon, similarly to how string
theory in anti-de Sitter space yielded deep insights into quantum gravity. It would certainly be
disappointing if all we learned from string theory about de Sitter space is how to construct it in
an effective low energy theory. With this in mind, we go on to review attempts at constructing
de sitter vacua in string theory.
7.3 de Sitter vacua in string theory
String theory has proven rather resistant to realizing de Sitter vacua. This is in stark contrast
to anti-de Sitter vacua, which are common and very well understood. The difference could
well be due to the fact that de Sitter space cannot be supersymmetric and, at least the best
understood, string theories start supersymmetric in higher dimensions. More generally, the
apparent obstructions to de Sitter vacua may just be related to technical difficulties. However,
it is certainly the case that there were plenty of opportunities for string theory to realize simple
de Sitter vacua which it seems not to have taken. As we will review below, there are certain
no-go theorems which from the perspective of the low-energy four-dimensional effective theory
appear very surprising. Potentials of immense complexity, with many turning points, can be
shown to never exhibit a de Sitter vacuum.
It is therefore an open question whether string theory admits de Sitter vacua. The question
manifests typical aspects of the Swampland program. On one hand there are various no-go
theorems, general ideas, and various simple string theory examples supporting the possibility that
string theory does not exhibit de Sitter vacua. On the other hand there are multiple proposals
for counter-examples to this possibility. Prime among these is the KKLT construction [233],
which we introduced in section 4.4.2, and will review further in section 7.3.2. In this section
we present a brief review of some of the key results in the program of de Sitter vacua in string
theory. We refer to [430], and also [431,464], for more detailed reviews of this field.
With respect to the Swampland, the existence of de Sitter vacua is critical as a test of the
de Sitter conjecture (7.1). However, it may be that de Sitter vacua cannot exist in string theory
and yet the de Sitter, or more interestingly, the refined de Sitter conjecture (7.2-7.3) may be
violated. We will mostly consider de Sitter vacua, but will also discuss direct tests of the refined
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de Sitter conjecture.
7.3.1 Classical vacua
The first set of vacua we will consider are classical in nature, so where quantum corrections are
neglected. We can further initially restrict to vacua which can be embedded in supergravity.
That means we consider the (two-derivative) supergravities that are the low-energy limits of
string theories and M-theory. We will allow the presence of positive tension objects, so any
D-branes but no orientifolds. These assumptions appear rather mild, and indeed there is a
Landscape of possible potentials that can arise from such compactifications. However, the
Maldacena-Nunez no-go theorem states that there are no de Sitter vacua in such settings [465].
For the case of 11-dimensional supergravity, this no-go theorem was further extended in [431] to
show that there is a lower bound on the derivative of the potential for any compactification to d
dimensions |∇V |
V
≥ 6√
(d− 2) (11− d) . (7.20)
This is consistent with the de Sitter conjecture.
The no-go theorems do not hold in the presence of orientifold planes, and so they motivate
studying the string theory setting. The only string theory setting where classical vacua with all
the moduli stabilized are known is type IIA string theory. To be more precise, this is the only
setting which admits a geometric interpretation as in Einstein gravity. String theory allows for
non-geometric backgrounds as solutions for the world-sheet target space. These actually most
likely form the bulk of string theory solutions. However, they are not sufficiently well understood
yet to yield a definite answer regarding whether de Sitter vacua can be generated through such
compactifications. We refer to [466] for a review of non-geometric compactifications. Within
geometric type IIA compactifications, there are some general no-go theorems. An interesting
such theorem applies to compactifications of type IIA on Calabi-Yau manifolds [467]. For
compactifications of type IIA string theory with fluxes and also orientifolds there is a bound for
any V > 0,
|∇V |
V
≥
√
54
13
. (7.21)
Moving away from Calabi-Yau compactifications it is possible to consider manifolds with
scalar curvature.62 In such cases, there is no general no-go theorem against de Sitter vacua, and
there have been many searches for such vacua [464, 468–500]. We refer to [430], for example, for
a detailed description of this research program. Here we will give an overview by first outlining
the main challenges that face an attempt to realize fully understood de Sitter vacua this way:
• Flux quantization: Studying vacua without quantizing fluxes is technically simpler and
also leads to a richer set of possibilities. These are valid supergravity vacua, but their
embedding in string theory where fluxes are quantized is unclear. It is therefore a challenge
to study the potentials in a systematic way while respecting flux quantization.
62In [216] it was pointed out that already the leading (α′)3 corrections to the Calabi-Yau setting violate the
assumptions leading to the no-go theorem (7.21). Note that α′ corrections are classical effects, and in type IIA
also correct the superpotential.
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• Consistent truncations: Typically it is difficult to induce a mass hierarchy between the
moduli fields whose potential is studied, and higher modes such as Kaluza-Klein states.
Then a consistent truncation must be utilised which relies on a group structure in the
internal manifold. Once various ingredients are added to the compactification it is less
clear if such truncations remain valid. Further, it is not clear that the sector of fields
not within the truncation does not manifest instabilities. This is all part of the difficult
challenge of understanding the geometry, and its deformations, for non Calabi-Yau spaces.
• Smeared sources: Almost all constructions rely on cancelling tadpoles between fluxes
and localized objects, thereby employing a smeared-source approximation (see section 4.3).
Some of these sources are intersecting orientifold planes which are particularly difficult
to understand from a ten-dimensional uplift perspective. It is therefore a challenge to
determine how uplifting to fully local solutions may modify the conclusions.
• Coupling expansions: It is typically difficult to find vacua where coupling constants
controlling the effective theory are under parametric control. Sometimes a vacuum may
push the validity of the coupling expansion to the limit, for example by having a string
coupling of order one or string-scale volumes of cycles. Ideally we would like parametrically
controlled couplings, but this seems particularly challenging to realize, see for example [494].
There is no known violation of the de Sitter conjecture, or the refined de Sitter conjecture, within
a construction where all the challenges above are fully addressed. There are some proposed
counter examples, see for example [471–473,475,478], to the de Sitter conjecture, which respect
the refined de Sitter conjecture, but which still do not fully address some elements listed above.
The refined de Sitter conjecture is particularly difficult to find a counter example to, see [498,499]
for proposals, requiring leaving almost all of the challenges above unanswered. The results of
the classical de Sitter vacua program are therefore as yet unclear. It seems that there is no
strong evidence against the refined de Sitter conjecture, and the best understood cases rather
offer evidence for it. However, in the absence of a full no-go theorem, this status may well be
due to just the technical difficulty of finding completely understood solutions.
An interesting approach to testing potentials even away from weak-coupling limits was
adopted in [309] which utilised duality properties of the potentials. It was found that the refined
de Sitter conjecture was satisfied for those potentials. This was also the case for heterotic studies
in [501, 502]. However, in [503] duality invariant potentials were found to support de Sitter
minima, which suggests that duality invariance by itself is not sufficiently strong to rule out
such minima.
7.3.2 Quantum vacua
By quantum vacua we refer to vacua which crucially rely on quantum effects for moduli
stabilisation. Typically these would be non-perturbative in nature, as in the KKLT proposal
discussed in section 4.4.2, or even more radically the racetrack proposal discussed in section
4.4.3.63 The main body of work with regards to de Sitter vacua constructions is built upon the
anti-de Sitter vacuum of KKLT [233], or possibly the Large Volume scenario [234], where some
63For some recent general discussions regarding the computation of the necessary non-perturbative effects in
such settings see [504,505].
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positive energy contribution is added to the potential. This is often termed an uplift of the
vacuum to de Sitter. There are a number of different type of uplifts proposed in the literature,
for example [506–523].
One of the earliest, and in some sense simplest, proposal is to uplift the KKLT vacuum to
de Sitter by using the positive energy due to D-terms [506]. We may consider adding some
hidden sector with a U(1) gauge symmetry which has a D-term that leads to a positive energy
contribution, this is then added on top of the KKLT anti-de Sitter vacuum. There is a general
reason, emphasized in [524], why such a simple construction would not work, which is that in
supergravity as long as the superpotential is non-vanishing W 6= 0, vanishing F-terms imply
vanishing D-terms. Since the original anti-de Sitter KKLT vacuum was supersymmetric with
vanishing F-terms one cannot simply add to it some non-vanishing D-terms. This is not a
serious obstruction, for example it may be possible to start from a non-supersymmetric vacuum
as in the LVS scenario, and uplift that using D-terms [509,517–520]. However, it does yield a
valuable general lesson which is that whatever uplifts the anti-de Sitter vacuum to a de Sitter
one will most likely modify the stabilisation of the moduli fields that occurred in the anti-de
Sitter vacuum. This modification may not be important, yielding only small corrections, or it
may be crucial and induce a new instability. Much of the contemporary discussion about uplifts
is regarding this point.
The most studied, and probably most robust, proposal for uplifts of quantum vacua is by
utilising anti-D3 branes. This was proposed in [233], building on the work in [525]. The idea is
to consider the warped throat which develops in type IIB Calabi-Yau compactifications with
fluxes, as discussed in section 4.4.1, and illustrated in figure 29. The throat is described, at least
near the tip, by the Klebanov-Strassler (KS) solution [223]. Locally, near the tip, the metric
takes the form [525,526]
ds2 = a20ds
2
4d + gsMb
2
0
(
1
2
dr2 + dΩ23 + r
2dΩ˜22
)
. (7.22)
Here a0 is a constant given in [525] and b
2
0 ' 0.9, gs is the string coupling, and for this analysis
we will work in units where α′ = 1, rather than Planck units. The coordinate along the length of
the throat is r, and there is a 2-sphere, with metric denoted dΩ˜22, which shrinks to zero size at the
tip. There is also a 3-sphere with metric denoted dΩ23. There are M units of Ramond-Ramond
flux threading this 3-sphere
1
4pi2
∫
S3
F3 = M . (7.23)
To this background now are added p anti-D3 branes, where pM so that they can be treated
as probes only. Due to the background flux, these anti-D3 branes will puff up to an NS5 brane
wrapping a two-sphere, denoted S2, inside the three-sphere S3. More precisely they can be
described as such an NS5 brane supporting p units of magnetic flux F2 threading the S2
1
2pi
∫
S2
F2 = p . (7.24)
The flux will want to make the two-sphere that the NS5 brane warps expand to minimize the
energy, but due to the background fluxes in the solution there will also be other forces acting on
the NS5 brane. If we parameterize the radius of the S2 that the NS5 brane wraps by the polar
157
Metastable	minimum
𝑝𝑀 = 0.03 𝑝𝑀 = 0.1𝑝𝑀 = 0.005
0.5 1.0 1.5 2.0 2.5 3.0
0.02
0.04
0.06
0.08
0.10
0.5 1.0 1.5 2.0 2.5 3.0
0.02
0.04
0.06
0.08
0.10
0.5 1.0 1.5 2.0 2.5 3.0
0.05
0.10
0.15
0.20
Figure 38: Figure showing the potential (7.25) for different values of pM , where p is the
number of anti-D3 branes and M is the amount of Ramond-Ramond flux in a KS throat. For
appropriately chosen values of p and M there develops a meta-stable positive energy local
minimum. Note that the overall value of the potential has been lifted to asymptote to zero
energy.
angle ψ of its embedding in the S3, the NS5 will feel a potential of the form [525]
V (ψ) = A0
 1
pi
(
b40 sin
4 ψ +
(
pi
p
M
− ψ + 1
2
sin 2ψ
)2) 12
− 1
2pi
(2ψ − sin 2ψ)
 , (7.25)
where A0 is a constant given in [525]. We plot this potential for three values of
p
M in figure
38. For appropriately chosen values of p and M there develops a meta-stable positive energy
local minimum. The full minimal energy configuration at ψ = pi corresponds to the NS5 brane
wrapping a vanishing volume sphere and in terms of the D3 picture this corresponds to M − p
D3 branes with no anti-D3 branes or Ramond-Ramond flux, and one less unit of NS flux.
In [233] it was argued that the positive energy meta-stable minimum can then be implemented
into the four-dimensional effective potential by adding an appropriate term to the potential
(4.76). Let us denote T + T¯ = 2t, then the potential takes the form [233,527]64
V (t) =
2piaAe−2piat
2t2
(
1
3
2piatAe−2piat +W0 +Ae−2piat
)
+
D
t2
. (7.26)
The last term in (7.26) is added to account for the positive energy contribution from the anti-D3
branes, and the parameter D may be naturally exponentially small since it is suppressed by
the warping of the throat. For appropriately chosen parameters, the potential (7.26) exhibits
positive energy de Sitter minima. For example, taking A = 1, 2pia = 0.1, W0 = −10−4 and
D = 2.65 × 10−11 yields such a minimum. This is shown in figure 39. This therefore is the
KKLT proposal for de Sitter minima in string theory.
64The power of t in the uplift term was corrected in [527] to be 1
t2
from the 1
t3
proposed in [233]. We have also
set the axion in T to vanish.
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Figure 39: Figure showing the potential (7.26) for A = 1, 2pia = 0.1 and W0 = −10−4
(multiplied by 1015). The left hand side shows the case with D = 0, so with no anti-D3 branes,
and the right hand side has D = 2.65× 10−11, so with anti-D3 branes down a sufficiently warped
throat. The latter setup provides an uplift to positive energy and leads to the proposal of [233]
for de Sitter vacua in string theory.
There has been significant work studying in detail various aspects of the anti-D3 uplift
proposal. One program focussed on understanding the supergravity solution of the KS throat
with an anti-D3, and in particular its singular behaviour [486,528–538]. One of the issues was
whether there is an instability or inconsistency associated to singularities in the supergravity
equations, or whether those singularities are not problematic and are resolved in string theory.
The conclusions are not completely clear, but it appears that, in particular see [535], at least
for a single anti-D3 there is no inconsistency. Another aspect which was studied is the effect
of the anti-D3 uplift on the stabilisation of the Ka¨hler moduli. In [539] it was argued that a
simple part of the ten-dimensional equations, coming from integrating over the internal space,
suggests that the Ka¨hler moduli are destabilised by the uplift. Further investigations however
argued that at least this particular part of the ten-dimensional equations does not imply such an
instability [540–545]. In a similar direction, the backreaction of the uplift on complex-structure
moduli was studied in [137,239,240,546]. In particular, in [546] it was argued that keeping the
complex-structure modulus stable requires a minimum amount of flux, which is not allowed in
type IIB but can be realized in the context of F-theory (so including strongly coupled physics).
In [240] it was argued that the effective theory of KKLT may be problematic in the sense that
there are Kaluza-Klein modes in the throat which are lighter than the moduli which are in the
KKLT effective theory. It remained inconclusive whether this leads to a fundamental problem
or instability, or whether it only affects the vacuum in a mild way.
Overall, the question of whether the KKLT scenario leads to true de Sitter vacua of
string theory remains somewhat subjective and controversial. Certainly it is a very reasonable
prescription, and it has passed many tests. To the authors’ knowledge, there is no explicit
calculation which shows that the proposal is incorrect. On the other hand, it is very much a
prescription, rather than an explicit ten-dimensional solution, and it combines many different
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elements, some of which are only really understood in the four-dimensional effective theory.
Many of the elements are also implicit rather than explicitly calculated, even in the anti-de Sitter
construction, such as the required small W0. In the absence of a ten-dimensional understanding
of the KKLT de Sitter solutions, it is not clear, at least to the author, that we can decide with
certainty either way regarding their validity.
As mentioned earlier, we can also consider quantum vacua which do not have a de Sitter
vacuum yet still violate the de Sitter conjecture. An interesting example was proposed in [547],
based on a simple KKLT construction, where the existence of a positive energy maximum was
argued for on general grounds. Such a maximum would violate the de Sitter conjecture (7.1),
but its existence could naturally be compatible with the refined de Sitter conjecture due to the
condition (7.3).
7.3.3 Relation to scale separation in AdS
The discussion of the KKLT proposal in the previous section utilised quite precisely chosen values
for the parameters. For example, the de Sitter minimum in figure 39 utilised D = 2.65× 10−11,
but if we had taken D = 10−10 say, then the minimum would have been washed away. And if
we had taken D = 10−11 then the minimum would be still anti-de Sitter. This type of delicate
tuning is universal to attempts at constructing de Sitter vacua by starting from an anti-de Sitter
vacuum and uplifting it, as long as the amount of uplifting energy is comparable to the barrier
which separated the original anti-de Sitter minimum from the Minkowski decompactification
limit.
This suggests that the most robust realizations of de Sitter vacua could be reached by
uplifting an anti-de Sitter vacuum which has a large separation of scales between the magnitude
of the negative cosmological constant and the height of the barrier to decompactification. This
hierarchy is naturally tied to a hierarchy between the anti-de Sitter length scale RAdS , and the
extra-dimensional Kaluza-Klein scale and moduli masses MMod/KK,
MMod/KKRAdS  1 . (7.27)
This allows for potentials in the effective theory with energy scales much larger than the AdS
scale. One might consider then that the existence of de Sitter vacua may be related to whether a
parametric hierarchy of the type (7.27) can be reached. This has in some sense been appreciated
for a while, see for example [271,548]. But has become more prominent in recent studies. In [549]
it was even conjectured that vacua which support a parametric hierarchy as in (7.27) are in the
Swampland.
In fact, we have encountered an obstruction to a hierarchy (7.27) already in section 4.5.2,
where we discussed how the Weak Gravity Conjecture for open-string U(1)s may forbid such a
hierarchy, at least in certain situations [5]. A relation between (7.27) and the Weak Gravity
Conjecture was also proposed in [550], as an obstruction to realizing the hierarchy (7.27) within
the scenario of [271], although this application was criticized in [541].
The limiting version of the hierarchy (7.27) can be reached within a supersymmetric
Minkowski vacuum where all the moduli are stabilized. Since then RAdS =∞ while MMod/KK
remains finite. The first way we may consider constructing such a vacuum is through a classical
compactification, in which case we are restricted to type IIA string theory. However, a no-go
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theorem was presented in [551] which states that it is not possible to fix all the moduli in
a supersymmetric Minkowski vacuum for any geometric compactification of type IIA string
theory.65 This is an interesting piece of evidence towards an obstruction to such vacua. Therefore,
classical vacua would have to come from non-geometric compactifications, see [552] and [553]
for example directions towards this. Quantum vacua could in principle lead to supersymmetric
Minkowski solutions, see for example [271], though this would require some unnatural tuning of
parameters. Indeed, in [554] it was generally argued that a natural way to reach supersymmetric
Minkowski vacua is through R-symmetries, which would be easier to implement in a perturbative
setting.
A class of vacua which allowed for a parametric hierarchy (7.27) are type IIA compactifications
on Calabi-Yau manifolds as studied in [205]. A simple version of these vacua, replacing the
Calabi-Yau with a torus, were discussed in section 4.3.3. However, as discussed in section 4.3.4,
these vacua do not solve the ten-dimensional equations of motion locally, but rather utilised the
smeared source approximation. In the case of the torus, the associated local ten-dimensional
solution was S3 × S3, in which case there was no separation of scales (7.27). It is therefore
unclear if completing the vacua of [205] to local ten-dimensional solutions would preserve this
hierarchy.
One way to be sure of the consistency of an anti-de Sitter construction with a hierarchy
(7.27) is to construct its Conformal Field Theory (CFT) dual. For example, the CFT duals
to the type IIA vacua of [205] were studied in [555]. For the KKLT setup, work on the CFT
duals was done in [556–558], and for the LVS scenario the CFT duals were studied in [558,559]
(see also [560,561] for general studies). In all situations, there were no explicit constructions of
the CFTs, but rather only certain properties of them were deduced. A particularly interesting
property of these CFTs, assuming they exist, would be that the hierarchy (7.27) would imply
that all single-trace operators must have large conformal dimension ∆. This is because of the
relation between this and the mass of the states in the bulk m∆
m2∆R
2
AdS = ∆ (∆− 3) . (7.28)
Having such a spectrum of operators is unusual, for example, perturbative CFTs posses operators
of O (1) conformal dimensions.66
7.4 Implications for Cosmology
In this section we present a brief overview of the cosmological implications of the de Sitter
conjecture (7.1) and its refinement (7.2-7.3). The most immediate implication is for the current
universe with regards to the nature of dark energy. The observation that the universe is entering
a late-time phase of accelerated expansion suggests that the overall scalar potential for the
universe should be at some positive value V > 0. The de Sitter conjecture therefore implies that
it cannot be at a minimum, where we would have ∇V = 0. Instead it would imply that the
universe should be currently rolling down a potential, sufficiently slowly that the potential energy
65This holds at the classical and also two-derivative level, so without α′ corrections.
66Note that, in this context, it is interesting to also consider the sole constraint on the Kaluza-Klein masses
of having an effective four-dimensional theory MKKRAdS  1. This would mean that one can allow for a few
low-dimensional operators corresponding to the moduli. Finding such CFT duals would help better establish the
moduli stabilisation models studied in section 4.
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Figure 40: Figure showing the scalar potential of the universe along a particular scalar
direction denoted by φ, with the current state of the universe corresponding to the black
dot. The possibility on the left corresponds to a Cosmological Constant driving the present
day accelerated expansion, and violates the de Sitter conjecture. The potential on the right
corresponds to a dynamical dark energy scenario where the accelerated expansion is driven by a
rolling scalar field, and is compatible with the de Sitter conjecture.
dominates over the kinetic energy so as to drive an accelerated expansion. This is illustrated
in figure 40. Such a scenario is termed dynamical dark energy, the most well-known version of
which is quintessence [427,428], and we refer to [429] for a review.
A prediction of dynamical dark energy scenarios is that the dark energy equation of state
must vary in time. So taking dark energy to be describable by a fluid with pressure p and energy
density ρ, the equation of state is parametrized by ω as
p = ωρ . (7.29)
For a scalar field rolling down a potential, this corresponds to
ω '
1
2 φ˙
2 − V (φ)
1
2 φ˙
2 + V (φ)
, (7.30)
so that a cosmological constant scenario is the limit ω = −1. Current observation of the dark
energy equation of state ω place bounds on its possible deviation from a cosmological constant.
These bounds were first analyzed in [432] where they were found to constrain the parameter c
in the de Sitter conjecture (7.1) as
c < 0.6 , (7.31)
which is compatible with c ∼ O (1).
The conjecture also has interactions with inflationary models, since c is related directly to
the slow-roll parameter during inflation. Perhaps the most direct bounds from inflation come
from the non-observation of tensor modes and restrict [432]
c < 0.09 . (7.32)
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This can be sharpened to c < 0.035 if no detection is made down to r ∼ 0.01. Specific models
require even smaller values of c, for example plateau-type models require c < 0.02. This is in
some tension with the conjecture, though that depends on how strictly one interprets c ∼ O (1).
It was also noted in [432] that a cosmological implication of the conjecture is that the
universe must correspond to a scalar field that is rolling to increasingly large expectation values.
It is possible that eventually this would lead to an effective negative cosmological constant,
causing a phase transition in the universe. Or the expectation value of the scalar field could
become so large that the light states of the distance conjecture (3.79-3.83) start to affect the
universe, possibly causing also a phase transition. The point where this would happen though
is uncertain, since in principle the tower of states could be very light before its effects become
important. See also [145] for a similar discussion.
Following the initial analysis of the cosmological implications of the de Sitter conjecture
in [432], there has been significant further work. The cosmological bounds from dark energy
on the de Sitter conjecture were further developed in [562–567], and on the refined de Sitter
conjecture in [171,568–571]. In [436,572] the relation to cosmological implications from quantum
break time were studied. In [573] it was argued that the de Sitter and distance conjectures
favour multi-field inflation. Multi-field scenarios, particularly with non-geodesic inflaton motion,
were further studied in the Swampland context in [165,170,574–579]. In [433] tension with a
large number of e-folds in inflation was studied. The interaction of the de Sitter conjecture
with tensor modes in inflation were studied in [167,580], and with the spectral tilt in [169,435].
Studies more specific to the refined de Sitter conjecture and inflation were performed in [581–587].
In [588] a relation between the de Sitter conjecture and the tension in different measurements
of the Hubble constant was studied. The interaction of the conjecture with warm inflation
models was studied in [589–593], with eternal inflation in [168,594], with α-attractor models
in [172] and with inflation models which do not utilise the Bunch-Davies vacuum in [595,596].
The conjectures were also utilised as motivation to study in more detail quintessence model
building [502,597–600], and to study the general cosmological bounds and theoretical constraints
and challenges of quintessence models [601–604]. The implications for isocurvature perturbations
and dark sectors were studied in [605,606].
The conjectures were also considered as motivating cosmological scenarios qualitatively
different from the usual ΛCDM or quintessence ideas [166,607–613]. The interaction of theories
of modified gravity with the de Sitter conjectures was studied in [614–617]. The conjectures
were applied to properties of compact objects such as boson stars [618] and primordial black
holes [619]. The conjectures were also studied in the context of the possible singularity structures
in cosmology in [620].
8 Summary and outlook
In this article we introduced and reviewed the Swampland program. We began with a quick
introduction to string theory, which led to a first encounter with the Swampland in the form
of the Weak Gravity Conjecture and the Swampland Distance Conjecture. We then reviewed
the overall structure of the different Swampland proposals, the motivating arguments for them,
as well as their tests in string theory. We introduced the Emergence Proposal, which aims to
explain the Swampland constraints as consequences of the emergent nature of fields within
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quantum gravity. Finally, we reviewed the de Sitter conjecture which, while more speculative
than the other conjectures, would have remarkable consequences if correct.
Our understanding of the Swampland is still very much in flux. It is not yet a mature
field where there are some underlying principles from which the results are rigorously derived.
Nonetheless, the past few years have seen significant interest and work on the Swampland and
from this attention the ideas and proposals have come out only stronger and framed within
a more coherent structure. This is encouraging, and suggests that we are on the right track
towards uncovering some interesting and possibly impactful new physics. Of course, it is quite
likely that in time the various proposed conjectures will be modified, perhaps some will be ruled
out by counter-examples, and others will be refined. It also increasingly appears that there are
strong links between the different conjectures suggesting that we may possibly reach a picture
where they are all consequences of a single underlying new principle.
While string theory has played, and will continue to play, a central role in the Swampland
program, ideally we would like to be able to formulate the underlying physics as general properties
of quantum gravity. This is in some sense in the spirit of AdS/CFT, which started life as a
specific example in string theory, but is now studied in a much more general way. It would
be fantastic if the ideas underlying the Swampland program eventually reached such a mature
stage.
The Swampland program covers a very wide range of topics, from string theory, through
black holes and quantum gravity, to particle physics and cosmology. This may make entering
the field as a researcher a somewhat daunting task. The aim of this introduction and review
is to form a starting point where the wide range of ideas are gathered together, and where
simple examples are worked through so as to form a base from which the more complicated
constructions can be explored. The hope is that it will therefore act as a resource encouraging
researchers to interact with this fascinating field.
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